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f'éﬁ How to deal with
stress?

~ Stress singularities and concentrations are
%% common in structural engineering

- Onecan either

1. Ignore them (St. Venant’s principle)

2. Resolve them by refined analysis
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Causes of stress singularities/concentrations:
— aconcentrated load

— abrupt local transitions in loading

— constraining a model at a point

— abrupt transitions in kinematic constraints
— abrupt transition between materials

— sharp re-entrant corners

Curved shell structures may feature unique
parameter-dependent stress concentrations

“The exact distribution of a load is not important far away
from the loaded region, as long as the resultants of the
load are correct” [Saint-Venant, 1855]

University of Oulu



\l/

Standard DPG setup

(for stress relieve)



Eé;’] Standard DPG setup

Petrov-Galerkin approximation:
Upe Upc U: b(up,v) =L(v) Vve T(Up)
with trial-to-test operator T
T:U-V: (Tu,v)y=>b(uyv) vveV
Is inf-sup stable and converges optimally:

lu—up|e =min{|ju-w|g; we Uy} where |w|g:=|Bw|y.

L. Demkowicz, J. Gopalakrishnan, Comput. Methods Appl. Mech. Engrg. 2010
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f'\"l;’l Standard
DPG setup

— Ultraweak formulation

— Discontinuous test spaces

— Independent trace variables

— Optimal test functions
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w1 DPG method: properties

e Continuous stability implies discrete stability.
* Discrete system is SPD:

upe Up: |B(u-up)|y: > min  minimum residual
e Method provides best approximation:

|u-un|e = imL |u-wn| g, |u|e:=|Bu|y: residual “energy” norm
WhreUR

* The energy norm of the error can be evaluated by solving

veV: (Y,v)y=b(u-upv)=LVv)-b(upv) VveV

= 1/2
lu-unle=1lv - = (X lerlver)
T
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¥ DPG theory (i)

Optimal test norm

b(u, v
[Vl v.op = sup 2L Y)
uto  IU|u

is impractical: global, coupled variables.
The aim is to employ a decoupled, localizable norm |v|y.

Proving the norm equivalence

[vilv S 1vIv.op

yields
b(u,v) < sup b(u,v)
v#0 ”V”V

|ully =sup = [ule

v#0 [ VI[v.opt
with corresponding error estimate.

Bound (1) implies robustness of the method

and is equivalent to the stability of the adjoint problem.
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¥ DPG theory (ii)

—

Ultraweak formulation with field variable(s) u and trace(s) u:

(u,0) e Uy xU:  b((u,i),v)=L(v) VveV
Vo:={veV; b((0,0),v)=0ViaeU} *“[v]=0"
Proposition [Carstensen, Gopalakrishnan, Demkowicz '16]
b(-,-) satisfies inf-sup property if
Vv s vive YveVo
(stability of continuous adjoint problem), and

sup b((0,0),v) 2 ||y YoeU

Ivilv=1

(boundedness below of trace operator).
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Kirchhoff-Love model



E-é;’: DPG for Kirchhoff-Love model

divdivM=f in Q
M-evu=0 in Q
u=0, oO,u=0 on 02

Testing with p/w smooth z, Q:

(MaeTVTZ) + Z (n' diVMaZ)aT - Z (Mna VZ)@T
TeT TeT

+(M ,Q) - (U,diVTdiVTQ) - Z (Qn, VU)aT + Z (n- diVQ,U)aT = (f,Z)
TeT TeT
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f'\"l;’] Discretization of the traces

Lowest order discrete spaces

Uipiv,7 := {Q € H(divdiv, T); evdivdivQ+Q =0,
(n-divQ+ 6y e, (n-Qt))|or € P°(Er), n-Qnlsr e P°(E7)}

Degrees of freedom of Qg = tr®®¥ (U, 7-) are

(n-divQ+d(n-Qt),1)s (E edge),
(n-Qn,1)e (E edge),
[Q]s7(e) (evertexof T)

subjectto >  [Q]sr(e)=0 Vinterior vertex e.
Tew(e)

These are two constants on each edge and deltas at vertices.
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Kirchhoff-Love: numerical example

u(r,p) = r”a(cos((a +1)p) + Ccos((a—1)p))
divdivevu =0, a~0.67, C=~1.23

u e H***¢(Q)
M=evue (H*5(Q))>?
divM ¢ [,(Q)

M e H(divdiv, Q)

NI
3

Uy: p/w constants for u, M, tr®®¥ (M), lowest order HCT for trS&2d(y).

Expected order: O(h*) = O(dim(Up)~*/?) ~ O(dim (i) ~°-33).
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ﬁ"lﬁ Adaptive refinement

1 1
0.5 0.5
0 0
-0.5 -0.5
-1 1
-1 =05 0 0.5 1 1.5 -1 =05 0 0.5 1 1.5
() (B)
IV
0.5 ‘k
qmuw
0
-0.5

University of Oulu



\l/

Shallow Koiter model



ﬁ“lﬁ Shallow Koiter model

mW=Z=c

B:N-divdivM=1f (Q)
M-Cp=0
N-Cn3=0

(2)
(2)

f: vertical load

-divN=p (2) p:tangential load
(02) simply supported
(02) clamped

u=0, w=0,n-Mn=0
u=0, w=0, o9paw=0

tangential displacements,
bending moments,
membrane forces,
curvature tensor,

tensor ~ d: thickness,

w
K=-VVWw
B=v°u+Bw
vS

Cp

transverse deflection
bending curvatures
membrane strains
symmetric gradient

tensor ~ d°
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DPG formulation

B:N-divdivM=1]|-Zz, n-divM|s, Mn|s
M+ d?vyw =0[:d™2S, Vw|s, W|s
N-(Vu+Bw)=0|:T,|:Q uls
~divN =p|- v, Nn|s

Spaces with norms (with appropriate cq > 0 and tensor Cy;, > 0)

Up := H'(Q) x H?(Q) x H(div. Q) x H(divdiv. Q).

|Caispu® + [ VU + Bw|? + d®|w|* + d*| vV w|? + [N

+ cg' [Iskew(N) || + | Cg div N[ + d~2|M|? + d 2| divdivM - B: N|?,

V(T) := H'(T) x H*(T) x H(div, T) x H(divdiv, 7) x LX(7),
[Caisp V|5 + |VEV-Bz + Q|5 + d?| 2|5 + d°| v°Vz|5 + |T|5

+[CaldivT|5 + d2S|5 + d 2| divdivS - B: T|5 + co| Q|7
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\lz . . . .
1 Numerical discretization

Approximation space U:

p/w constants on T

HCT-traceson S

KLove traces on S

p/w constants on S

continuous p/w linears/quadratics on S

Test space

for
for
for
for
for

u, w, N (symm), M
trace of w

trace of M

normal trace of N
trace of u

V(T) = H (T) x H*(T) x H%(div, T) x H(divdiv, 7)) x L5(T)

replaced with discrete test space

[P2(T)1? % P2(T) x [PX(T)]**™ x [P*(T)]*%™ x {0}
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f‘éﬁ Scordelis-Lo roof

e s ) In-plane shear force N;> (mesh with 64, 256, 1024 elements)

© Rafetseder, Zulehner, CMAME 2019
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N .
1 Scordelis-Lo roof: convergence

residual reference value
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i Analysis of the ”hot spot”

f=400,0) atonenode ofan element, p=0

1 0 0 O 0o 1
Q:(_1?1)}<(_111)1 Bellz(o 1): Bpar:(o 1) Bhyp:(-' 0)

d=10"2% E=1,v=0
cdisp = diag (d:' d) (ell,par)¢ cdisp - diﬂg (1 ) 1 ) (hyp)

Appropriate homogeneous boundary conditions, Fourier solution
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E-é;’: Stress concentration near the ”hot spot”
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Fig.8 Elliptic shell with point Fig. 10 Parabolic shell with
load, d = 1077, k = 0. Exact point load, d = 1072, k = 1.
solution N1y along y = 0 and its Exact solution N2> along x =0
approximations with uniform and its approximations with
mesh r{zlﬂgﬁ triangles) and uniform mesh (4096 triangles)
adaptively refined mesh (1828 and adaptively refined mesh

triangles) (2139 triangles)
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E-é;’: Hot spot on a hyperbolic shell at R/t=100

Hyperbolic case, k = 1

mesh (1294 elements), approximate & exact transverse deflections




i Concluding
remarks

DPG provides stable numerical
discretization of plate and shell models

Adaptivity is built in and works from the
start (coarse mesh)

The method provides accurate predictions
of both displacements and stresses
Including shear forces!

Numerical locking effects can be alleviated
by appropriate trace approximations
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