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Optimal design problem
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E Kohn and Strang: Optimal design and relaxation of variational problems. I. Comm. Pure Appl. Math. (1986)

[3 Bartels and Carstensen: A convergent adaptive finite element method for an optimal design problem.
Numer. Math. (2008)
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Optimal design problem

Parameters 0 < p1 < pp and 0 < t1 < to, poty =
p1ty define energy density W(F) := ¢(|F|) with

pat?/2if 0 <t < ty,
PY(t) =< tipa(t — t1/2) if ty <t < b,
pat2)2 — tipo(ty /2 — 0/2) if t2 < t,
pot if 0 <t <ty
Y(t) = oty if t1 <t < t,
it if th <t
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Mathematical setting

Given Q C R" bdd. polyhedral Lipschitz, 2 < p < 0o, 1/p+1/p’ = 1, suppose energy density
W € C1(M) satisfies, for all A, B € M := R™*", that
alAP — o < W(A) < as|AIP + a4, (p-growth)
IDW(A) = DW(B)|* < cs(1 + |AIP~% + [B[P~?)
x (W(A) — W(B) —DW(B) : (A— B)) (cc)
Given f € LPI(Q;R’”), let u minimize

E(v) = /(W(Dv) —f-v)dx amongstv eV = Wol’p(Q;Rm)
Q
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Dual problem

W*(G) := suppcm(A: G — W(A)) VG € M. Given G,H € M, A € dW*(G), B € dW*(H)
|G — H?2 < cs(1+4 |AP2 4 |BIP2) x (W*(H) — W*(G) —A: (H—G))

o = DW/(Du) is unique with
o€ Q(f) ={r e ¥ = WP(div, ;M) : divr + f =0in Q}

and maximizes
E*(1) = —/ W*(1)dx amongst 7 € Q(f)
Q

without duality gap E(u) = min E(A) = max E*(Q(f)) = E*(0)

® Dacorogna: Direct methods in the calculus of variations. Springer (2008)
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Unstabilized HHO method

Discrete ansatz space
V(T) =Pi(T;R™) x Pr(F(2); R™) on simplicial triangulation 7 of Q with sides F,
Iv = (N&v,N&v) € V(T) forall v e V

Gradient reconstruction

Let £(7) := RT},"(T; M), Gvi € X(T) of vy = (v, vr) € V(T) is unique solution to
/ Gy Thdx = —/ v - divpy 7hdx + Z / v [thvelpds  for all 7, € X(T)

= =(v#)l

e |[Ge|[1p(q) is @ norm in V(T') — no stabilization
[ ] I'I):(T)Dv = gIV

[ Abbas, Ern, and Pignet: Hybrid high-order methods for finite deformations of hyperelastic materials.
Comput. Mech. (2018)
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Discrete minimization problem

Let up € V(T) minimize

En(vp) = /Q(W(gvh) —f-vr)dx amongst v, = (v, vr) € V(T)

B ¢ and Liu: Nonconforming FEMs for an optimal design problem. SINUM (2015)
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Discrete minimization problem

Let up € V(T) minimize
En(vp) = /(W(gvh) —f-vr)dx amongst v, = (vr,vr) € V(T)
Q

Lemma (o, is H(div) conform)
DW(Gup) and op, = My )DW(Gup) are unique and
on € Q(f,T) == {mh € RT4(T ;M) : divry, + NA&f = 0in Q}

B ¢ and Liu: Nonconforming FEMs for an optimal design problem. SINUM (2015)
Qi O, i



H(div) conformity

Proof.

/D/V\L(éﬁ)/: Gvpdx :/ f-vrdx Vv, e V(T) (dELE)
Q Q
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H(div) conformity

Proof.

/W: Gvpdx :/ f-vrdx Vv, e V(T) (dELE)

Fix F € F(Q2), vi = (0,vr) € V(T) with (vr)|[e =0VE € F\ {F} in (dELE) =

0—/0’h thdx—W—i—/vF [Uhl/F]FdS
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H(div) conformity

Proof.

/W: Gvpdx :/ f-vrdx Vv, e V(T) (dELE)

Fix F € F(Q2), vi = (0,vr) € V(T) with (vr)|[e =0VE € F\ {F} in (dELE) =

0—/0’h thdx—W—i—/vF [Uhl/F]FdS

[UhI/F]F_LPk(F Rm) = [ahl/,:],:—Oon FE.F — UhERTk(T M)
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H(div) conformity

Proof.

/W: Gvpdx :/ f-vrdx Vv, e V(T) (dELE)

Fix F € F(Q2), vi = (0,vr) € V(T) with (vr)|[e =0VE € F\ {F} in (dELE) =

0—/0’h thdx—W—i—/w [Uhl/F]FdS

[UhI/F]F_LPk(F Rm) = [ahl/,:],:—Oon FE.F — UhERTk(T M)

vh = (vr,0) € V(T) in (dELE) = /f-dex:—/ vr-divepdx = dive, +N5%f =0
Q Q
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Convexity control

Let a:= (2 —p')/p'. For any &, 0 € LP(; M),
IDW(E) = DW (o)1} ) < 3512 + 1€ 11 oy + lelFoi))”

/ (vv ~ W(e) - DW(o) : (€ - ))dx (cc)
For any 7,¢ € LP'(Q; M) and &, ¢ € LP(Q; M) s.t. £ € IW*(7) and o € dW*(¢) a.e. in Q,
1T = 0117 ) < 35121 + 1€l oy + el Foiey)”

S /Q(W*(T) WA B) -0 (r— ¢))dx el

ﬁ C and Plechd¢: Numerical solution of the scalar double-well problem allowing microstructure. Math. Comp. (1997)

C and T: Unstabilized hybrid high-order method for a class of degenerate convex minimization problems. SINUM (2021)
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A priori error analysis

Theorem (a priori)
o = 12 gy + o =~ DW(Gu) 2 g + 1EC) — Enan)
S |E* (o) — max EX(Q(F, T))| + osc(f, T) + ||(1 — I_I):(T))DUH%,,(Q)

Corollary (convergence rates)
If o € WKL (T M) N WLP'(Q; M), u € WKH2(T:R™) N V, then
o= onl gy + I~ DW(Gun)IEs ) + ECt) — En(un)] S b5

Carsten Carstensen Error analysis Oct. 07, 2022
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Lower energy bound

For Gt > 3cs(|9 + Cf + [OW*(01)[|Z(qy)" With [ Dt o() < C, (dual-cc) =

o - O'hHiP/(Q) < /Q(W*(a’h) — W*(0) —Du: (0 — 0p)) dx
—_———
=— [ u-(1-N~)f dx< Coosc(f,T)

& Ortner and Praetorius: On the convergence of adaptive nonconforming finite element methods for a class of
convex variational problems. SINUM (2011)
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Lower energy bound

For Gt > 3cs(|9 + Cf + [OW*(01)[|Z(qy)" With [ Dt o() < C, (dual-cc) =

o - Uh”ip’(g) < /Q(W*(a’h) — W*(0) —Du: (0 — 0p)) dx
—_———
=— [ u-(1-N~)f dx< Coosc(f,T)

Lemma (LEB)
Cl_IHO' — athp,(Q) < E*(0) — E*(op) + Geosc(f, T)

e superior to Ep(up) — C|]h7—f||LP/(Q) < E(u) for CR-FEM

& Ortner and Praetorius: On the convergence of adaptive nonconforming finite element methods for a class of
convex variational problems. SINUM (2011)
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A posteriori error estimate (cont.)

For C3 > 3¢5(IQ] + CF + ||guh||’ZP(Q))"‘, (cc-dual) =
C?,_IHU - DW(g”h)”ip’(Q)

< /Q(W*(o*) — W*(DW(Gup)) — (Gup — Dv) : (0 — o)) dx—/QDv (0 —op) dx

/

— fJo(1—Nk)fvdx
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A posteriori error estimate (cont.)

For C3 > 3¢5(IQ] + CF + ||guh||’ZP(Q))"‘, (cc-dual) =
C?,_IHU - DW(Q’U/,)H%,,/(Q)

< /Q(W*(o*) — W*(DW(Gup)) — (Gun — Dv) : (6 — op)) dx—/QDv (0 —op) dx

/

— fJo(1—Nk)fvdx

NB: — /Q W*(DW(Gup)) dx = /Q(W(Quh) — o Gup) dx = En(up)
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A posteriori error estimate (cont.)

For C3 > 3¢5(IQ] + CF + ||guh||'ZP(Q))"‘, (cc-dual) =
C?,_IHU - DW(gUh)Hip’(Q)

< /Q(W*(o*) — W*(DW(Gup)) — (Gun — Dv) : (6 — op)) dx—/QDv (0 —op) dx

/

— fJo(1—Nk)fvdx

NB: — /Q W*(DW(Gup)) dx = /Q(W(Quh) — o Gup) dx = En(up)

< Eq(un) — E(u) ~ o — onll (g IGun — DVl ir(ey - /Q (1 ME)F - vdx

Recall ;Yo — 0'h||fp/(Q) + E*(op) — Goosc(f,T) < E(u)
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A posteriori error estimate

Theorem (a posteriori)

lo = onllf gy + llo = DW(Gun) I}y ) + [E(u) — En(un)]
< Ep(up) — E*(op) + osc(f, T) + t/nel\r} |Gup — Dv||%p(Q) =: RHS

o En(up) — E*(op) =0iff DW(Gup) € X(T)
e Ep(up) — E*(op) > 0 to be expected in general — discrete duality gap

e RHS computable with post-processing of Guy, in V, e.g. by averaging or right inverse
J: V(T)—=V

Carsten Carstensen Error analysis Oct. 07, 2022
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Adaptive algorithm

INPUT: 70,0<e<k+1,0<60<1, k>0

[ Solve ]—{ Estimate J—-[ Mark )—{ Refine ]

Refinement indicator:

n(T) = | T|EP=P/ "INk (Ryug — ur)||?

2oy + 1 TP/ loe = DW(Guy)|[?,,

LF (T)

+|T,(ap+1_p>/n< S IRy + Y IME(Ree)| 7 — up)5 )
FeF,(T) FeFy(T)

TP - )AL

Output: (7¢)eeny, (Ue)eeny, (00)een,
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Plain convergence

Theorem (Plain convergence)

Let W satisfies (p-growth). Given T, 0 <e < k+1,0< 0 <1, let (T¢)een,, (Ue)een,,
(0¢)ren, be the output of the adaptive algorithm

(a) |img_>oo Eg(Ug) = E(u)

(b) If W satisfies (cc), then limy_,oo DW(Geuy) = o and o, — o in LP'(Q; M)

(c) If W is strongly convex, then limy_, o Geug = Du in LP(Q; R™)

B Ortner and Praetorius: On the convergence of adaptive nonconforming finite element methods for a class of
convex variational problems. SINUM (2011)

B Balci, Ortner, Storn: Crouzeix-Raviart finite element method for non-autonomous variational problems with
Lavrentiev gap. Numer. Math. (2022)
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Carsten Carstensen Convergent adaptive scheme

Plain convergence

Theorem (Plain convergence)

Let W satisfies (p-growth). Given T, 0 <e < k+1,0< 0 <1, let (T¢)een,, (Ue)een,,
(0¢)ren, be the output of the adaptive algorithm

(a) |img_>oo Eg(Ug) = E(u)

(b) If W satisfies (cc), then limy_,oo DW(Geuy) = o and o, — o in LP'(Q; M)

(c) If W is strongly convex, then limy_, o Geug = Du in LP(Q; R™)

e Upper growth is required — net-applicableto-lavrentievgap
e Applicable to Lavrentiev gap for k = 0 and for k > 1 under additional assumptions

B Ortner and Praetorius: On the convergence of adaptive nonconforming finite element methods for a class of
convex variational problems. SINUM (2011)

B Balci, Ortner, Storn: Crouzeix-Raviart finite element method for non-autonomous variational problems with
Lavrentiev gap. Numer. Math. (2022)
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Outline of the proof

1. (Convergence of néa)) Prove that limy_. néa) =0

2. (Discrete compactness) Prove that limy_ néa) = 0 implies Jpu; — v in V, Goup — Dv
in LP(Q; M), and oy — DW/(Geuy) in LP'(Q; M)

3. (LEB) Establish a (not computable) LEB LEB, < E(u)

4. (Convergence of Ey(uy)) Apply discrete compactness to show limy_,, LEB;, = E(v) and
then limy_, oo Eg(ug) = limy_,oo LEBy = E(u)

5. (Convergence of stress/displacement) Use (convexity) control over |lo — DW(QZUZ)HLp'(Q)
or [Du— Gyugl|1r(q)

& Ortner and Praetorius: On the convergence of adaptive nonconforming finite element methods for a class of
convex variational problems. SINUM (2011)
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Convergence of 7\°)

O(T) = TIPS (R = ur) oy + ITICP(N7 IR e s
FeFy(T)

Y IME(Reu) T = ue) ey ) S el = 11 Geuel oy
FeFy(T)

¥ Nochetto and Veeser: Primer of Adaptive Finite Element Methods. Lecture Notes in Mathematics (2012)
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Convergence of nég)

O(T) = TIPS (R = ur) oy + ITICP(N7 IR e s
FeFy(T)

>0 INE(Rew) |7 = ve) ey ) S el =~ Gewel oy
FeFy(T)

Let Q== T; \ Tes1,
0 (Te\ Tesr) S el ey loe = DW(Gete) 15, gy + el 11l oy
+ ||h€||Loo(Q ),Ug (72 \ Tet1)

limg o0 HhE”LOO () = =0 = ||m€—>oo 774 (72 \Te41) =0
Dorfler marking — 17;) <01y e (72\72“) — I|mg_,oo77( 9 —o O

¥ Nochetto and Veeser: Primer of Adaptive Finite Element Methods. Lecture Notes in Mathematics (2012)
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Carsten Carstensen Convergent adaptive scheme

Conforming companion

Lemma (right-inverse)

There exist linear bounded operator J : V(7)) — V s.t., for all vy, = (v, vr) € V(T),

N&Tve=vr, NsTvh=vr, [DIVhllie) S 1GVallie)
and

1Gvh = DT vhllZory S 1l (T)

o 17 =1Idin V(T)
e DJv,—Gv, L X(T)=RT})"(T; M)

¥ Verfiirth: A Posteriori Error Estimation Techniques for Finite Element Methods. Oxford University Press (2013)

B Ern and Zanotti: A quasi-optimal variant of the hybrid high-order method for elliptic partial differential equations
with H~1 loads. IMA J. Numer. Anal. (2020)

B C, Gallistl, Schedensack: Adaptive nonconforming Crouzeix-Raviart FEM for eigenvalue problems.
Math. Comp. (2015)

Oct. 07, 2022 18



Discrete compactness

Stability of J; and discrete Sobolev embedding —

IDTeuel| o) S 1Geuelle) S 1

Banach-Alaoglu theorem == (not relabelled) subsequence of (ug)sen,, v € WHP(Q;R™),

G € LP(S; M) s.t. Jpup — v weakly in V and Gyup — G weakly in LP(S2; M)
/ Goug - ddx = /(gguf — DJpuyp) : ¢dx+/ DJpup : ©dx
Q Q Q
—_—

= Jo G:®dx

= /(ggUz —DJyug) - (1 — Ny (7))@ dx—/ Jeup - div p dx
Q Q

~~

SIAETH(Geue—DTeue) e (@) D] kst o = Jq vediv®dx

@)

Carsten Carstensen Convergent adaptive scheme Oct. 07, 2022
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Discrete compactness (cont.)
4+ (Grue —~ DI lini@y < gV <0V <0 50 =
¢ Q) ~ He ¢ v

/G:CDdX:—/v-divCDdx‘v’(DGCoo(ﬁ;M) = G =Dv
Q Q

In conclusion, Jyuy — v in V and Gyuy — Dv O]
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Discrete compactness (cont.)

Hhé“*‘l(ggw —DJyug) o) S ’uék+1) < n§k+1) < 77156) 0 —
/G:cbdxz_/ v-divedx Vo € C*(Q;M) = G =Dv
Q Q

In conclusion, Jyuy — v in V and Gyuy — Dv O]

For all ® € C>(Q; M),
’/(04 —DW(Giw)) : ¢dx‘ - ‘/(O’g — DW/(Geur)) : (1 — Myry) dx
Q Q

S 1A+ (o0 = DW(Geue) | 1 (| ®lwiksrogy — O
— oy — DW(Geuyp) — 0 in LP'(Q; M) O
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LEB

0 S /Q(W(Du) — W(gKUg) — DW(ggUg) : (Du — ggUg)) dx

= /(W(Du) — W(Gpup) + (00 — DW(Gyuy)) : (Du — Gyuy)) dx — / o¢: (Du— Gyuy) dx
Q Q

/

-~

Ja I'I% f-(u—ur,)dx=

< E(u) — Eg(up) + Coosc(f, Te) + /Q(ag — DW(Geuy)) : Dudx
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LEB

0 S /Q(W(Du) — W(gKUg) — DW(ggUg) : (Du — ggUg)) dx

= /(W(Du) — W(Gpup) + (00 — DW(Gyuy)) : (Du — Gyuy)) dx — / o¢: (Du— Gyuy) dx
Q Q

/

-~

Ja I'I% f-(u—ur,)dx=

< E(u) — Eg(up) + Coosc(f, Te) + /Q(Ug — DW(Geuy)) : Dudx

LEBy = Ey(ug) — Geosc(f, Te) — [o(oe — DW(Gyup)) : Dudx < E(u)
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Convergence of Ey(uy)

Weak lower semicontinuity and limy_, . osc(f,7;) =0 =

E(v) < Iiem inf/(W(gguZ) — - Jyup) dx
—00 Q

= liminf(Ey(ug) +/ F (1= N5) Tpup) = liminf LEB, < E(u)
{—00 Q ¢ {—00

= limye0 Eg(Ug) = limy_,oo LEB; = E(u) ]
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Convergence of Ey(uy)

Weak lower semicontinuity and limy_, . osc(f,7;) =0 =

E(v) < Iigm inf/(W(gM) — - Jyup) dx
—00 Q

= liminf(Ey(ug) +/ f- (1 — N%)Tpur) = liminf LEB, < E(u)
{—00 Q {—00

= limye0 Eg(Ug) = limy_,oo LEB; = E(u) ]
I (cc). then [l = DW/(Get) |2, ) S E(u) — LEB; — 0 O
If W strongly convex, then |[Du — ggug||’z,,(ﬂ) S E(u)—LEBy— 0 O

Oct. 07, 2022 22



Lavrentiev gap

inf E(V) < inf E(Wy™(2; R™))

W e CY(M), c1]|A]P — oo < W(A) VAEM
e no upper growth = o ¢ LP'(Q; M) and ELE not well-defined in general

limy—o00 ||oe — DW(ggue)HLp/(Q) = 0o may hold = no convergence of nf)

Plain convergence for k = 0 possible because of LEB
Eo(up) — CthfHLP’(Q) < min E(u)

B Ortner and Praetorius: On the convergence of adaptive nonconforming finite element methods for a class of
convex variational problems. SINUM (2011)
B C and Ortner: Analysis of a class of penalty methods for computing singular minimizers. CMAM (2010)

Carsten Carstensen Convergent adaptive scheme Oct. 07, 2022
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4-Laplace on L-shaped domain

Minimize /Q(W(Dv)—fv)dx—/ gvds

BN
W(a) == |a|*/4 Va € R?
Q= (~1,12\ ([0,1) x (~1,0])
f(r,p) == 343/2048r 11/8sin(7¢/8)
e up(r,¢) = r"/8sin(7¢/8) on I'p = (0 x [~1,0]) U ([0,1] x 0)
o g(r,p) =343/512r=3/8(—sin(¢/8),cos(¢/8)) - v on My == AN\ I'p
Parameter choice: ¢ = (k +1)/100, § = 0.5

B C and Klose: A posteriori finite element error control for the p-Laplace problem. SINUM (2003)
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4-Laplace on L-shaped domain (cont.)

’+k:0 ——k=1

0.5

—0.5 -

10! 102 103 10* 109 106
ndof

Adaptive triangulation and convergence history plot of |E(u) — Ep(up)| (right)
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4-Laplace on L-shaped domain (cont.)

1073

1077

10—11

10—15

’+k:0 k=1

k=2 —ak=3 +k:4\

|

1072

1074

1076

108

10"

102

108 10*
ndof

10°

106

T il oo |

10! 102 103

10*
ndof

10° 106

Convergence history plot of ||o — DW(guh)||f4/3(Q) (left) and [Du — Gup||fs(q) (right)

Numerical results

Carsten Carstensen

Oct. 07, 2022
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Optimal design problem on L-shaped domain (f = 1, up = 0 on 0Q)

]+k:o o k=1 k=2 4+ k=3 +k:4\

T T T T
1 - |
1071
0.5 B 10—2
0 b 103
—4
—-0.5 | B 10
107°
1t B
| | | | |

AT

10!

102 103 10% 10°
ndof

Adaptive triangulation and convergence history plot of RHS (right)
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Modified Foss-Hrusa-Mizel benchmark

Minimize E(v) == [, W(Dv)dx among v € A

W(A) = (|A\2 —2det A)* + |A|2/2 for all A € M = R?*2

Q:=(-1,1) x (0,1)

M =[-1,0] x {0}, T2 :=[0,1] x {0}, 3 :=9Q\ (M1 UT?)

up = (cos(¢/2),sin(p/2)) in polar coordinates

A={v=_(v,n) e WH2(Q;R?):vy =0o0onT1,vo=00n T, v=upon 3}

[ Foss, Hrusa, Mizel: The Lavrentiev gap phenomenon in nonlinear elasticity. Arch. Ration. Mech. Anal. (2003)

& Ortner and Praetorius: On the convergence of adaptive nonconforming finite element methods for a class of
convex variational problems. SINUM (2011)
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Modified Foss-Hrusa-Mizel benchmark (cont.)

’+k:0 k=1 k=2 ——k=3

m

o

107 £ E 1

11 E 5 ] 1
o8 <

0.5 B 1072 | = El
0 [ ] =
1073 | E F E

E v vl vl vl il il il Ll M| Lol Covnd
) ) ) ) ) 10° 10t 102 10°  10*  10° 10! 102 103 10* 10°

-1 -0.5 0 0.5 1 ndof ndof

Adaptive triangulation (left), numerical evidence for Lavrentiev gap (middle), and convergence history
plot of |E(u) — En(up)| (right)
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Conclusions

a priori + a posteriori error estimates
e convergence rates

e super-linear convergent LEB

e convergent adaptive scheme

e improved empirical convergence rates for larger k and adaptive mesh refinements

Carsten Carstensen Numerical results Oct. 07, 2022 30
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Thank you for your attention
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