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Introduction
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The model problem

Lu:=A:D*u=f in Q,
u=0, on 0RQ.

Here the domain Q € RY(d = 2,3) is an open and bounded polytope and
the coefficient matrix A = A(x) € [L>°(Q)]9*¢ is a symmetric positive
definite matrix.

Main challenges:
m A(x) is not smooth in practical settings. Standard variational
method is not straightforward.

m Low regularity due to A and/or domain Q.
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Literature Review

Ac C%
m Pryer, Lakkis '11, Neilan '17: Discrete Hessian CG.
m Pryer, Dedner '21: Discrete Hessian DG.
m Feng, Hennings, Neilan '17: IP-DG.

A € L*° with Cordes Condition:
m Smears, Siili '13: DG/LS.
m Gallistl '17: H? element/mixed formulation.
m Wang, Wang '18: Weak Galerkin.

A€ L

m Qiu, Zhang '20: first order Least square formulation.
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Rewriting to first order system:

Vg—u=0 in Q
A:Vg=1f in Q
u=0, on 0f.

DG spaces for (up, qp):

Wi, = {w € [3(Q)|wk € P«(K),VK € T3},
V5, ={ve[l2(Q)]vk € [P_1(K)]4 VK € Ty, }.
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We seek the approximation (up, q,) € Wj x V), by solving the
minimization problem below:

(un,qp) = argmin  Jn(w,v),
(W,V)EWhX Vi
In(w,v) :=[|A: Vv —fl3 +h?|v—Vw|3 +78(v,w).
Here the penalty term 8(v, w) is defined as:
8(v,w) == (hY[[v - n]llgery + h 21 Twllixce,))-
Definition of the jumps:

[w] := wnk + w'ng, [v-n]:=v-nk+Vv - ng.
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A few remarks on the scheme

m For non-homogeneous boundary condition case, we should modify
the penalty term as:

S(v,w) = ||[v - a]ll ey + h_2||[[W]]||L1(s'h) +h7?|lw — 8lluies)-

m In J, we can replace L2 norm with any LP norm with 1 < p < oo,
the error analysis should follow almost the same lines as L? since we
don't rely on variational formulations.

m Why L! stabilization? (1) Denoising, (2) Sparsity promoting norm.
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The Non-gradient DG method
000@0000

H Error Estimates

If we assume H* regularity ||w||pq) < Cregll£w/12(q), and the exact
solution u € H?>*%(Q) with § > 0, then we have:

lu = vnllin,) + 110 = gnllz@
< Cmax(7 72| |3, DA™ EL||u|| ymingess 2461 () -
In addition, if the stronger regularity assumption
Wl o) < CregllLw||2(q) holds, then we have optimal convergence

with respect to H> norm:

||u = uh||H2(g~h) <C max(7_2||f||%2, l)hmi"{k_l’é}||u||Hmin{k+1,2+5}(Q).
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L°° Error Estimates

Theorem

If the exact solution u € H**°(Q) with § > 0, in the 2D case (d = 2)
with any polynomial degree k > 2 we have:

||u — uh||Loo(Q) S C max(7_2||f||é, 1)hmin{k—1,6} ||U||Hmin{k+1,2+6}(Q).

In the 3D case with k = 2,3, 6 > % and A is piecewise polynomial with
respect to Ty, we have:

— i — _1
lu = unll () < € max(r=2[|£]G, DAL ul] i 2003 .
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Sketch of the proof

Lemma (Karakashian, Pascal 07)

For any function (wh, vp) € Wy x Vi, let (wi, v§) € WE x V7§ be the
lifting of (wn, v), then we have:

IIVws - nlliE, < Ch=Hvi = Vwil[5,,
Ive = Vwill5, < C(lve = Vwalg, + 1ve - alllier + =21 Iwallle,))-

Lemma (Brenner, Sung 19)

For any function wf € WE, there exists wi € H?(2) N H3(Q) such that:

1D (ws — wi)lIg < CH*~2/[[[Vwg - alll;, 1=0,1,2.
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Sketch of the proof

lu = unllE () < CUllu = B lEn () + 187 — il + lluf — unllEne,)-

Here uf and uf are the H! and H? lifting of uj, respectively. The last two
terms can be controled by

Cllan = VunlF, + an - alllzsery + A2 Tunl e, )-
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Sketch of the proof

lu = unllE () < CUllu = B lEn () + 187 — il + lluf — unllEne,)-

Here uf and uf are the H! and H? lifting of uj, respectively. The last two
terms can be controled by

Cllan = VunlF, + an - alllzsery + A2 Tunl e, )-

Use H! regularity, we can control the first term:

lu = 5|13,y < ClIA: D?0f — A D2ull§ = Cl|A: D*uf; — f3.
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Sketch of the proof

With some algebraic manipulation, we can show:
lu = b2,y < € max(r2F2 1)dn(un 45).
Since (up, q;,) is a minimizer of Jp, we can further bound:
lu = unlltn(g,y < Cmax(t=2||f(&; 1)dn(Wh, va),

with any (Wh, Vh) e Wy x V.
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We can reformulate the minimization problem into the form

argmin {x*Bx + b*x + | Lx — d||, }, (3.1)

xERN

where x € RV represents coefficients of an element in (w, v) € W, x V,,
and

* * 2 — 2 2
g(x) = x*Bx + b*x =t |A: Vv — f|l5 + h=2|v+ Vw3, - |Ifll5,,
h(Lx) = ||Lx = dlly = Th~H|[v - Allly gy + mhH[[wllly g + 7h™2w = glly 72

g : RN — R convex and differentiable, h : RM — R convex and
non-differentiable (L term).
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The proximity operator

For convex lower-semi-continuous function f : RN — R U {400}, its
convex conjugate is defined as:

*(x) == sup {(x,u) — f(u)}.

u€RN

The proximity operator of f : RV — R U {+00} with respect to
symmetric positive-definite P is defined by

1
Proxs p (x) := arg min {f(u) + =||u— x||,2D}, for all x € RV,
u€RN 2

where ||-||3 := (-, P-). The proximity operator for the conjugate is:

Proxs« p = Id =P~ o Proxs p-1 oP.
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The fixed point proximity algorithm

If x, € RN is a solution to (3.1), then there exists y, € RM such that for
alla >0, PeSY and Q € SY, there hold

X = Proxag,p (x. —j"lL*y*), (32)
Yoo = Proxgam= 0 (Q ' Lx. + y4).

Conversely, if there exist P € S and Q € SV satisfying fixed-point
equation system (3.2), then the corresponding x. is a solution to (3.1).
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The fixed point proximity algorithm

Set z, == (X, y+) € RV*M and for a > 0, P € S_’ﬁ and Q € Rf, define

o) = agt)+ ). R=|" ol =l TP

then we have (3.2) identical to
z, = Proxe g (Ez.), (3.3)

that is, z, is a fixed-point of operator Proxe g oF.
Two technical challenges solving (3.3):

m The proximity operator is implicit.

m The standard Picard iteration does not converge: E is expanding.
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Closed form of the proximity operators

Lemma

Suppose oo > 0, P € S and positive-diagonal Q = Diag(q;)M, € S
For any x € RN and y € RM, there hold

Proxag.p (x) = (P + 2aB) "' (Px — ab),
and

M
Proxan-,q () = [Proj[_a,a] (vi = d,-/q,-)} R

i=

where Proji_,, . denotes the projection operator onto [—a, a].
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Maxtrix Splitting

o / P-iLx
E=(E—-M)+ M, M'_{Q_IL / }
Fixed-Point Proximity Algorithm:
Zky1 = PI’OX¢,R ((E — M)Zk+1 + MZk). (34)

Theorem (Li, Shen, Xu 15)

Suppose a > 0. If RM € SQ/JFM, then for any initial zo € RNtM, the
FP?A scheme (3.4) converges to a solution of fixed-point equation (3.3).

If E — M is strictly block-triangular, then (3.4) is an explicit iterative
algorithm
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The fixed point proximity algorithm

Require o >0, P € SY, Q =Diag(q;)M, € S¥ such that
|Q~Y2LP~1/2||, < 1, xo € RN and yp € RM.

1: k<0

2: repeat

3 Y1 = [Proji_g a1 (k)i + ((Lxe)i — di) /a2,

4 xip1 < (P+2aB)  (L*(yk — 2yk41) + Pxi — ab)
5: k< k+1

6: until stop criteria is met

Return x, <+ xi

Corollary

Suppose o > 0, P € SI and Q € S is diagonal. If

|QY2LP~1/2||, < 1, then for any zo € RN and yo € RV, explicit FP?A
generates a sequence {xi} .y converging to a solution of (3.1).
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Continuous Coefficients

A= |t VY g _01x[0.1].
[ |, a-paxp

N ‘ ||lu—upll, order |u—upl,, order |u—upl,, order |q—gq,|, order
4 | 4.48e-02 - 2.44e-01 - 3.55e+4-00 - 2.51e-01 -

8 1.21e-02  1.89 6.59e-02 1.89 1.75e4+00 1.02 6.68e-02 1.91
16 | 3.18e-03  1.93 1.72e-02 1.94  8.56e-01 1.03 1.72e-02 1.96
32 | 8.08e-04 1.98 4.36e-03 1.98 4.23e-01 1.02 4.30e-03 2.00
64 | 2.02e-04  2.00 1.09e-03 2.00 2.10e-01 1.01 1.07e-03 2.01

Table: Various errors and convergence rates for regular solution with continuous
coefficients.
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Numerical Examples
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Discontinuous Coefficients

A 2 sgn((x — 0.5)(y — 0.5)) Q= [0.1]x[0.1]
sgn((x — 0.5)(y — 0.5)) 2

N | |lu—usll, order |u—unl,, order |u—unl,, order |q—q,l, order
4 4.89e-02 - 2.56e-01 - 3.50e+00 - 2.52e-01 -

8 1.33e-02 1.88 7.04e-02 1.86 1.75e4+00 1.00 7.02e-02 1.84
16 | 3.58e-03 1.89 1.88e-02 1.90 8.57e-01 1.03 1.88e-02 1.90
32 | 9.38e-04 1.93 4.88e-03 1.95 4.23e-01 1.02 4.84e-03 1.96
64 | 2.40e-04 1.96 1.24e-03 1.97 2.10e-01 1.01 1.23e-03 1.98

Table: Various errors and convergence rates for regular solution with
discontinuous coefficients.
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L-shaped domain [—1,1]?\ (0,1] x [-1,0)

= 1+ |x] \/W u(r = r?3sjn
A=Vt ) 0=

N ‘ lu—unll, order |u—unl;, order |u—unl,, order |g—q,l, order
4 1.06e-01 - 8.47e-01 - 5.02e+-00 - 8.50e-01 -

8 | 7.78e-03 376  3.73e-02 451 8.69e-01 253 3.89e-02  4.45
16 | 6.31e-03  0.30  2.28e-02 0.71 7.08e-01 0.30  2.36e-02 0.72
32 | 4.28e-03 0.56 1.44e-02 0.66  5.90e-01 0.26 1.47e-02 0.68
64 | 3.04e-03 050 9.85e-03  0.55  4.88e-01 0.27  9.93e-03 0.57

Table: Various errors and convergence rates for singular solution with
continuous coefficients.
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L-shaped domain [—1,1]?\ (0,1] x [-1,0)

A= 2 sgn(xy)} . u(r,0) = r?3sin (26/3).

Lgn(xy) 2

N ‘ ||lu—upll, order |u—upl,, order |u—upl,, order |q—gq,|, order
4 | 9.96e-03 - 7.94e-02 - 1.08e+00 - 8.01e-02 -

8 4.76e-03  1.06 3.16e-02 1.33 8.67e-01 0.32 3.39e-02 1.24
16
32

481e-03 -0.01 1.87e-02 0.76 7.11e-01  0.29 1.99e-02  0.77
4.17e-03 0.21 1.41e-02 0.41  5.96e-01 0.26 1.44e-02  0.47
64 | 3.60e-03 0.21 1.16e-02  0.27  4.93e-01  0.27 1.17e-02  0.30

Table: Various errors and convergence rates for singular solution with
discontinuous coefficients.
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Multisacle Piecewise Polynomial Decomposition

Define X, := W5-» for n € N. By inclusion chain
XXX Xy,
we define wavelet spaces {W,} -, by
Xp=Xo®t Wt .-t W,,  forallneN,

the decomposition over such space is called multiscale decomposition.
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Multisacle Piecewise Polynomial Decomposition

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Figure: Basis functions for Xg
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Multisacle Piecewise Polynomial Decomposition

L L L L )
0.6 0.7 0.8 0.9 1

Figure: Basis functions for W;
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Multisacle Piecewise Polynomial Decomposition

Figure: Basis functions for Wy
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Multisacle Piecewise Polynomial Decomposition

1
() -5). 0<x<t,
Consider u(x) = R
(1-1) rt—(g) , t<x<1.
0.8
. - Ground Truth
07 f? N Reconstructed
06} /
0.5 ‘\\\\\

Figure: Reconstructed solution and the ground truth
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Multisacle Piecewise Polynomial Decomposition

() -3),

Consider u(x) =

Absolute Value of Coefficient

50 100 150
Multiscale Basis Function #

Figure: Coefficients comparison

a-o(=-(=

Absolute Value of Coefficient

0
0 50 100 150
Single-scale Basis Function #

of multi- and single-scale bases.
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Concluding remarks

Summary:

m First attempt to combine DG method with L' stabilization.
Rigorous analysis is obtained with low regularity assumption.

m Implementation of the non-gradient optimization under standard DG
base.

m Ongoing work: adding L' regulartization in the optimization to
enhance the sparsity structure of the solution. Adaptivity with
multiscale base in 2D /3D setting, etc.

Thank you for your attention!
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