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The model problem

Lu := A : D2u = f in Ω,

u = 0, on ∂Ω.

Here the domain Ω ∈ Rd(d = 2, 3) is an open and bounded polytope and
the coefficient matrix A = A(x) ∈ [L∞(Ω)]d×d is a symmetric positive
definite matrix.

Main challenges:

A(x) is not smooth in practical settings. Standard variational
method is not straightforward.

Low regularity due to A and/or domain Ω.
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Literature Review

A ∈ C 0:

Pryer, Lakkis ’11, Neilan ’17: Discrete Hessian CG.

Pryer, Dedner ’21: Discrete Hessian DG.

Feng, Hennings, Neilan ’17: IP-DG.

A ∈ L∞ with Cordes Condition:

Smears, Süli ’13: DG/LS.

Gallistl ’17: H2 element/mixed formulation.

Wang, Wang ’18: Weak Galerkin.

A ∈ L∞:

Qiu, Zhang ’20: first order Least square formulation.
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Rewriting to first order system:

∇q − u = 0 in Ω,

A : ∇q = f in Ω,

u = 0, on ∂Ω.

DG spaces for (uh,qh):

Wh = {w ∈ L2(Ω)|wK ∈ Pk(K ),∀K ∈ Th},
V h = {v ∈ [L2(Ω)]d |vK ∈ [Pk−1(K )]d ,∀K ∈ Th, }.
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We seek the approximation (uh,qh) ∈Wh × V h by solving the
minimization problem below:

(uh,qh) = argmin
(w ,v)∈Wh×V h

Jh(w , v),

Jh(w , v) := ∥A : ∇v − f ∥2Th
+ h−2∥v −∇w∥2Th

+ τS(v ,w).

Here the penalty term S(v ,w) is defined as:

S(v ,w) := (h−1∥Jv · nK∥L1(EI
h)
+ h−2∥JwK∥L1(Eh)).

Definition of the jumps:

JwK := wnK + w ′nK ′ , Jv · nK := v · nK + v ′ · nK ′ .
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A few remarks on the scheme

For non-homogeneous boundary condition case, we should modify
the penalty term as:

S(v ,w) := ∥Jv · nK∥L1(EI
h)
+ h−2∥JwK∥L1(EI

h)
+ h−2∥w − g∥L1(EB

h )
.

In Jh we can replace L2 norm with any Lp norm with 1 ≤ p <∞,
the error analysis should follow almost the same lines as L2 since we
don’t rely on variational formulations.

Why L1 stabilization? (1) Denoising, (2) Sparsity promoting norm.
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H1 Error Estimates

Theorem

If we assume H1 regularity ∥w∥H1(Ω) ≤ Creg∥Lw∥L2(Ω), and the exact

solution u ∈ H2+δ(Ω) with δ > 0, then we have:

∥u − uh∥H1(Th) + ∥q − qh∥L2(Ω)

≤ C max(τ−2∥f ∥2Ω, 1)hmin{k−1,δ}∥u∥Hmin{k+1,2+δ}(Ω).

In addition, if the stronger regularity assumption
∥w∥H2(Ω) ≤ Creg∥Lw∥L2(Ω) holds, then we have optimal convergence
with respect to H2 norm:

∥u − uh∥H2(Th) ≤ C max(τ−2∥f ∥2Ω, 1)hmin{k−1,δ}∥u∥Hmin{k+1,2+δ}(Ω).
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L∞ Error Estimates

Theorem

If the exact solution u ∈ H2+δ(Ω) with δ > 0, in the 2D case (d = 2)
with any polynomial degree k ≥ 2 we have:

∥u − uh∥L∞(Ω) ≤ C max(τ−2∥f ∥2Ω, 1)hmin{k−1,δ}∥u∥Hmin{k+1,2+δ}(Ω).

In the 3D case with k = 2, 3, δ > 1
2 and A is piecewise polynomial with

respect to Th, we have:

∥u − uh∥L∞(Ω) ≤ C max(τ−2∥f ∥2Ω, 1)hmin{k−1,δ}− 1
2 ∥u∥Hmin{k+1,2+δ}(Ω).
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Sketch of the proof

Lemma (Karakashian, Pascal 07)

For any function (wh, vh) ∈Wh × V h, let (w
c
h , v

c
h) ∈W c

h × V c
h be the

lifting of (wh, vh), then we have:

∥J∇w c
h · nK∥2

EI
h
≤ Ch−1∥v c

h −∇w c
h ∥2Th

,

∥v c
h −∇w c

h ∥2Th
≤ C (∥vh −∇wh∥2Th

+ ∥Jvh · nK∥2L1(EI
h)
+ h−2∥JwhK∥2L1(Eh)

).

Lemma (Brenner, Sung 19)

For any function w c
h ∈W c

h , there exists w̃ c
h ∈ H2(Ω) ∩ H1

0 (Ω) such that:

∥D l(w c
h − w̃ c

h )∥2Ω ≤ Ch3−2l∥J∇w c
h · nK∥2

EI
h
, l = 0, 1, 2.
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Sketch of the proof

∥u − uh∥2H1(Th)
≤ C (∥u − ũch∥2H1(Th)

+ ∥ũch − uch∥2H1(Th)
+ ∥uch − uh∥2H1(Th)

).

Here uch and ũch are the H1 and H2 lifting of uh respectively. The last two
terms can be controled by

C (∥qh −∇uh∥2Th
+ ∥Jqh · nK∥2L1(EI

h)
+ h−2∥JuhK∥2L1(Eh)

).

Use H1 regularity, we can control the first term:

∥u − ũch∥2H1(Th)
≤ C∥A : D2ũch − A : D2u∥2Ω = C∥A : D2ũch − f ∥2Ω.
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Sketch of the proof

With some algebraic manipulation, we can show:

∥u − uh∥2H1(Th)
≤ C max(τ−2∥f ∥2Ω, 1)Jh(uh,qh).

Since (uh,qh) is a minimizer of Jh, we can further bound:

∥u − uh∥2H1(Th)
≤ C max(τ−2∥f ∥2Ω, 1)Jh(wh, vh),

with any (wh, vh) ∈Wh × V h.
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We can reformulate the minimization problem into the form

argmin
x∈RN

{x∗Bx + b∗x + ∥Lx − d∥1}, (3.1)

where x ∈ RN represents coefficients of an element in (w , v) ∈Wh ×V h,
and

g(x) = x∗Bx + b∗x =: ∥A : ∇v − f ∥2Th
+ h−2∥v +∇w∥2Th

− ∥f ∥2Th
,

h(Lx) = ∥Lx − d∥1 =: τh−1∥Jv · nK∥1,EI
h
+ τh−1∥JwK∥1,EI

h
+ τh−2∥w − g∥1,TB

h
.

g : RN → R convex and differentiable, h : RM → R convex and
non-differentiable (L1 term).
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The proximity operator

For convex lower-semi-continuous function f : RN → R ∪ {+∞}, its
convex conjugate is defined as:

f ∗(x) := sup
u∈RN

{⟨x , u⟩ − f (u)}.

The proximity operator of f : RN → R ∪ {+∞} with respect to
symmetric positive-definite P is defined by

Proxf ,P (x) := argmin
u∈RN

{
f (u) +

1

2
∥u − x∥2P

}
, for all x ∈ RN ,

where ∥·∥2P := ⟨·,P·⟩. The proximity operator for the conjugate is:

Proxf ∗,P = Id−P−1 ◦ Proxf ,P−1 ◦P.
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The fixed point proximity algorithm

Theorem

If x∗ ∈ RN is a solution to (3.1), then there exists y∗ ∈ RM such that for
all α > 0, P ∈ SN+ and Q ∈ SM+ , there hold

x∗ = Proxαg ,P
(
x∗ − P−1L∗y∗

)
,

y∗ = Prox(αh)∗,Q
(
Q−1Lx∗ + y∗

)
.

(3.2)

Conversely, if there exist P ∈ SN+ and Q ∈ SM+ satisfying fixed-point
equation system (3.2), then the corresponding x∗ is a solution to (3.1).
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The fixed point proximity algorithm

Set z∗ := (x∗, y∗) ∈ RN+M and for α > 0, P ∈ SN+ and Q ∈ RM
+ , define

Φ(z) := αg(x) + (αh(y))∗, R :=

[
P

Q

]
, E :=

[
I −P−1L∗

Q−1L I

]
,

then we have (3.2) identical to

z∗ = ProxΦ,R (Ez∗), (3.3)

that is, z∗ is a fixed-point of operator ProxΦ,R ◦E .
Two technical challenges solving (3.3):

The proximity operator is implicit.

The standard Picard iteration does not converge: E is expanding.
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Closed form of the proximity operators

Lemma

Suppose α > 0, P ∈ SN+ and positive-diagonal Q = Diag(qi )
M
i=1 ∈ SM+ .

For any x ∈ RN and y ∈ RM , there hold

Proxαg ,P (x) = (P + 2αB)−1(Px − αb),

and

Prox(αh)∗,Q (y) =
[
Proj[−α,α] (yi − di/qi )

]M
i=1

,

where Proj[−α,α] denotes the projection operator onto [−α, α].
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Maxtrix Splitting

E = (E −M) +M, M :=

[
I P−1L∗

Q−1L I

]
.

Fixed-Point Proximity Algorithm:

zk+1 = ProxΦ,R ((E −M)zk+1 +Mzk). (3.4)

Theorem (Li, Shen, Xu 15)

Suppose α > 0. If RM ∈ SN+M
+ , then for any initial z0 ∈ RN+M , the

FP2A scheme (3.4) converges to a solution of fixed-point equation (3.3).

If E −M is strictly block-triangular, then (3.4) is an explicit iterative
algorithm
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The fixed point proximity algorithm

Require α > 0, P ∈ SN+, Q = Diag(qi )
M
i=1 ∈ SM+ such that

∥Q−1/2LP−1/2∥2 < 1, x0 ∈ RN and y0 ∈ RM .
1: k ← 0
2: repeat
3: yk+1 ← [Proj[−α,α] ((yk)i + ((Lxk)i − di )/qi )]

M
i=1

4: xk+1 ← (P + 2αB)−1(L∗(yk − 2yk+1) + Pxk − αb)
5: k ← k + 1
6: until stop criteria is met

Return x∗ ← xk

Corollary

Suppose α > 0, P ∈ SN+ and Q ∈ SM+ is diagonal. If∥∥Q−1/2LP−1/2
∥∥
2
< 1, then for any z0 ∈ RN and y0 ∈ RM , explicit FP2A

generates a sequence {xk}k∈N converging to a solution of (3.1).
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Continuous Coefficients

A =

[
1 + x

√
xy√

xy 1 + y

]
, Ω = [0, 1]× [0, 1].

N ∥u − uh∥2 order |u − uh|1,2 order |u − uh|2,2 order ∥q − qh∥2 order

4 4.48e-02 – 2.44e-01 – 3.55e+00 – 2.51e-01 –
8 1.21e-02 1.89 6.59e-02 1.89 1.75e+00 1.02 6.68e-02 1.91
16 3.18e-03 1.93 1.72e-02 1.94 8.56e-01 1.03 1.72e-02 1.96
32 8.08e-04 1.98 4.36e-03 1.98 4.23e-01 1.02 4.30e-03 2.00
64 2.02e-04 2.00 1.09e-03 2.00 2.10e-01 1.01 1.07e-03 2.01

Table: Various errors and convergence rates for regular solution with continuous
coefficients.
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Discontinuous Coefficients

A =

[
2 sgn((x − 0.5)(y − 0.5))

sgn((x − 0.5)(y − 0.5)) 2

]
, Ω = [0, 1]×[0, 1].

N ∥u − uh∥2 order |u − uh|1,2 order |u − uh|2,2 order ∥q − qh∥2 order

4 4.89e-02 – 2.56e-01 – 3.50e+00 – 2.52e-01 –
8 1.33e-02 1.88 7.04e-02 1.86 1.75e+00 1.00 7.02e-02 1.84
16 3.58e-03 1.89 1.88e-02 1.90 8.57e-01 1.03 1.88e-02 1.90
32 9.38e-04 1.93 4.88e-03 1.95 4.23e-01 1.02 4.84e-03 1.96
64 2.40e-04 1.96 1.24e-03 1.97 2.10e-01 1.01 1.23e-03 1.98

Table: Various errors and convergence rates for regular solution with
discontinuous coefficients.
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L-shaped domain [−1, 1]2 \ (0, 1]× [−1, 0)

A =

[
1 + |x |

√
|xy |√

|xy | 1 + |y |

]
, u(r , θ) = r2/3 sin (2θ/3).

N ∥u − uh∥2 order |u − uh|1,2 order |u − uh|2,2 order ∥q − qh∥2 order

4 1.06e-01 – 8.47e-01 – 5.02e+00 – 8.50e-01 –
8 7.78e-03 3.76 3.73e-02 4.51 8.69e-01 2.53 3.89e-02 4.45
16 6.31e-03 0.30 2.28e-02 0.71 7.08e-01 0.30 2.36e-02 0.72
32 4.28e-03 0.56 1.44e-02 0.66 5.90e-01 0.26 1.47e-02 0.68
64 3.04e-03 0.50 9.85e-03 0.55 4.88e-01 0.27 9.93e-03 0.57

Table: Various errors and convergence rates for singular solution with
continuous coefficients.
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L-shaped domain [−1, 1]2 \ (0, 1]× [−1, 0)

A =

[
2 sgn(xy)

sgn(xy) 2

]
, u(r , θ) = r2/3 sin (2θ/3).

N ∥u − uh∥2 order |u − uh|1,2 order |u − uh|2,2 order ∥q − qh∥2 order

4 9.96e-03 – 7.94e-02 – 1.08e+00 – 8.01e-02 –
8 4.76e-03 1.06 3.16e-02 1.33 8.67e-01 0.32 3.39e-02 1.24
16 4.81e-03 -0.01 1.87e-02 0.76 7.11e-01 0.29 1.99e-02 0.77
32 4.17e-03 0.21 1.41e-02 0.41 5.96e-01 0.26 1.44e-02 0.47
64 3.60e-03 0.21 1.16e-02 0.27 4.93e-01 0.27 1.17e-02 0.30

Table: Various errors and convergence rates for singular solution with
discontinuous coefficients.
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Multisacle Piecewise Polynomial Decomposition

Define Xn := W2−n for n ∈ N. By inclusion chain

X0 ⊂ X1 ⊂ X2 ⊂ X3 ⊂ · · · ,

we define wavelet spaces {Wn}∞n=1 by

Xn = X0 ⊕⊥ W1 ⊕⊥ · · · ⊕⊥ Wn, for all n ∈ N,

the decomposition over such space is called multiscale decomposition.
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Multisacle Piecewise Polynomial Decomposition

Figure: Basis functions for X0
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Multisacle Piecewise Polynomial Decomposition

Figure: Basis functions for W1
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Multisacle Piecewise Polynomial Decomposition

Figure: Basis functions for W2
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Multisacle Piecewise Polynomial Decomposition

Consider u(x) =

t
((

x
t

)n+1 − x
t

)
, 0 ≤ x ≤ t,

(1− t)

(
1−x
1−t

−
(

1−x
1−t

)n+1
)
, t < x ≤ 1.

Figure: Reconstructed solution and the ground truth.
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Multisacle Piecewise Polynomial Decomposition

Consider u(x) =

t
((

x
t

)n+1 − x
t

)
, 0 ≤ x ≤ t,

(1− t)

(
1−x
1−t

−
(

1−x
1−t

)n+1
)
, t < x ≤ 1.

Figure: Coefficients comparison of multi- and single-scale bases.
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Concluding remarks

Summary:

First attempt to combine DG method with L1 stabilization.
Rigorous analysis is obtained with low regularity assumption.

Implementation of the non-gradient optimization under standard DG
base.

Ongoing work: adding L1 regulartization in the optimization to
enhance the sparsity structure of the solution. Adaptivity with
multiscale base in 2D/3D setting, etc.

Thank you for your attention!
Acknowledgement: Ke Shi is partially supported by NSF grant
DMS-2012235.
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