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MINRES with singular data Introduction & Motivation

Shell problems

@ Hyperbolic shell structure

o Complex stress concentrations occur in shell
deformations

Water tower
Moglingen

EJ wikipedia.org
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MINRES with singular data Introduction & Motivation

DPG for Koiter shell (see talk of Antti & Norbert)

Coupled problem (4th—2nd order PDE)
Hyperbolic shell with point load at origin
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F., Heuer, Niemi: A DPG method for shallow shells, Numer. Math. 2022
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MINRES with singular data

Poisson problem

—Au=f inQ,
u|pn = 0.

Weak formulation

Find solution u € HJ(f2) of

(Vu, Vo) = (f,v) Yve HH}Q)

Introduction & Motivation

First-order formulation

—dive =f in €,
Vu—0o=0 in{,
u‘ag = 0.

LS formulation
Find minimizer (u, o) of

|divT + f|> + | Vv — 7|2
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MINRES with singular data Introduction & Motivation

FOSLS

Continuous space

W = H}(Q) x H(div;Q) = H}(Q) x {T € L*(Q;R") : divr € L*(Q)}

Fﬂ Least-squares finite element methods: Bochev & Gunzberger '09
4/28
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MINRES with singular data Introduction & Motivation

FOSLS

Continuous space
W = Hj(Q) x H(div; Q) = HJ(Q) x {T € L*(Q;R") : divr € L*(Q)}
Discrete space
Wi, =S(T) x RTY(T) C W.
FOSLS:

(upn, o) = argmin |[div Ty, + f||2 + | Vo, — 742
(Uthh)EWh

Error: If f € L*(Q) then
lu = wnll¥ + llo = onllEraiv ) = ldiven + fII* + [Vuy, — on®

Asymptotic exactness of FOSLS: Carstensen & Storn, SINUM 2018.

Fﬂ Least-squares finite element methods: Bochev & Gunzberger '09
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FOSLS

(un,0p) = argmin |[divr,+  f|* + | Vo, — 74
(Uh7Th)€Wh
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MINRES with singular data Introduction & Motivation

Regularized FOSLS

(unsop) = argmin [|div Ty, + Qi f|* + [ Von — 7]
(Uh7Th)€Wh

o Qr: H Y(Q) — PP(T) (quasi-)interpolation/projection

@ How do we construct such an operator?
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Regularized FOSLS

(unsop) = argmin [|div Ty, + Qi f|* + [ Von — 7]
(Uh7Th)€Wh

o Qr: H Y(Q) — PP(T) (quasi-)interpolation/projection
@ How do we construct such an operator?

Compute Q7 f by solving a Petrov—Galerkin problem:

e Millar, Muga, Rojas, van der Zee (Numer. Math. 2022)

@ Requires to solve global problem

Our construction of Q7 f:

@ Local, thus efficient to evaluate

e Bounded in H71(Q2) as well as L?(Q)

@ Idempotent: Q3¢ = ¢ for ¢ pw. constant
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MINRES with singular data Introduction & Motivation

An alternative
Discrete /! norm (Bramble, Lazarov, Pasciak '97)

(un, o) = argmin [|divry + fol® 1 + |Von — 74l
(vh7Th)€Wh

@ Requires a polynomial approximation f5 of f
o Implementation and analysis of discrete H !
@ Quasi-optimality and optimal error estimate

inner product

[ = unlly + llo = onll S A Fl-14s
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MINRES with singular data Introduction & Motivation
An alternative

Discrete /! norm (Bramble, Lazarov, Pasciak '97)

(un, o) = argmin [|divry + fol® 1 + |Von — 74l
(vh7Th)€Wh

@ Requires a polynomial approximation f5 of f
o Implementation and analysis of discrete H~! inner product
@ Quasi-optimality and optimal error estimate
lu—uplly + llo = onll S A7 fll-14s
Our regularized FOSLS

(un, o) = argmin |[divry + Qi + | Von — 7a
(thTh)GWh

@ Use code that you have: Q7 f as right-hand side
o We will prove quasi-optimality and

lu —uplli + llo —onll S P IfIl-14s
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MINRES with singular data Introduction & Motivation

@ Introduction & Motivation

© Local (quasi-)projection operators in H 1
© Regularized FOSLS

@ Regularized DPG

© Point loads

@ Conclusion

7/ 28
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MINRES with singular data Local (quasi-)projection operators in H!

The lowest-order FOSLS is a regularized FOSLS (with orthogonal proj.)

(up, o) = argmin ||div 7y + f||* + |Von — 74l
(/Uthh)GWh
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The lowest-order FOSLS is a regularized FOSLS (with orthogonal proj.)

(up, o) = argmin ||div 7y + f||* + |Von — 74l
(/Uthh)GWh

= argmin ||divry, +II) F|? + [ Vo, — 74l + (1 = 1I)) f||?
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MINRES with singular data Local (quasi-)projection operators in H!

The lowest-order FOSLS is a regularized FOSLS (with orthogonal proj.)
(un,op) = argmin |[div ey, + f* + [ Vo, — 74

(VR TH)EWR

= argmin [[divry, + I f[* + || Vo, — 74

(VR Th)EWR

L? orthogonal projection II9 : L?(£2) — P°(T) not bounded in H~1(Q)
T3] —1 £ Cllll-1
Though,
l6 — Mol -1 < A7 (1 — I8

shows that it is bounded when restricted to polynomials:

MRell-1 < loll-1 + A7l S llgll-1 Yo € PP(T).
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MINRES with singular data Local (quasi-)projection operators in H!

Quasi-interpolation in Hj ()
Jn: L2(Q) — PYT) N Hy(Q),

th = Z (Ua@z)nm
ZGNO

0. € PY(wr(z)) dual basis with (¢, ,7./) = 8, .r.
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Quasi-interpolation in Hj ()
Jn: L2(Q) — PYT) N H(Q),

th = Z (Ua@z)nm
ZGNO

¢. € PHwr(2)) dual basis with (p,,7,/) =0,
Explicit representation

oelag) = m(lz”(m 1)(n+2)n — (n+1)).
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Quasi-interpolation in Hj ()
Jn: L2(Q) — PYT) N Hy(Q),

th = Z (Ua@z)nm
ZGNO

¢. € PHwr(2)) dual basis with (p,,7,/) =0,
Explicit representation

oelag) = ‘Q(lz”((m 1)(n+2)n — (n+1)).

Bubble operator: scaled bubble function n, 7, characteristic function x7

Bpo= > (v,x1)mr
TeT
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MINRES with singular data Local (quasi-)projection operators in H!

Quasi-interpolation in Hj ()
Jn: L2(Q) — PYT) N Hy(Q),

th = Z (Ua@z)nm
ZGNO

¢. € PHwr(2)) dual basis with (p,,7,/) =0,
Explicit representation
1
ezloe) = oo ((n+ D+ 2)n: — (n+1)).
(2) ‘Q(z)|( )

Bubble operator: scaled bubble function n, 7, characteristic function x7

Bpo= > (v,x1)mr
TeT
Fortin-type operator:
Py, = Jn+ Bp(1 - Jp)
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MINRES with singular data Local (quasi-)projection operators in H!

Adjoint operator
Fortin-type operator: constructed so that (1, (1 — Py)v)r =0

Py, = Jn+ Bp(1 — Jy)

10 / 28



MINRES with singular data Local (quasi-)projection operators in H!

Adjoint operator
Fortin-type operator: constructed so that (1, (1 — Py)v)r =0

Py, = Jn+ Bp(1—Jp)
Adjoint operator: P} : H™1(2) — PY(T)
Pp¢ = Jyé + (1 — Jp) B¢
where

o= (¢,n)pz Bao= > (¢, mr)xr

2eNp TeT

10 / 28



MINRES with singular data Local (quasi-)projection operators in H!

Adjoint operator
Fortin-type operator: constructed so that (1, (1 — Py)v)r =0

Py, = Jn+ Bp(1—Jp)
Adjoint operator: P} : H™1(2) — PY(T)
Pp¢ = Jyé + (1 — Jp) B¢
where

J;L¢ = Z (QS?nZ)SDZ? B;qu = Z ((banb,T)XT

zeN TeT
It is not a projection but Pj¢ = ¢ if ¢ € PO(T)
To obtain a projection operator: Apply I1):
Qp =P, then Qf =1I) PIT) Py = I} Py = Q.
0
:Hh
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MINRES with sineular data Local (auasi-)oroiection operators in 1~ 1

Theorem (F. '21)

Qj, € {P;,Qn} (ran(Py) C PY(T), ran(Qn) = PX(T))
o Idempotent: Q%¢ = ¢ for all ¢ € PY(T)

@ Approximation:

11 = Qr)¢ll-1 S A7l

@ Global boundedness: (is also true locally)

1@%oll-1 S NI¢ll-1, QRN S N4l

o Efficient computation (if (¢,7.) and (¢, n57) known)
o Interpolation theory proves corresponding results in H~%(£2)

Fﬂ Multilevel norms and decompositions in negative order Sobolev spaces, Math. Comp. '21
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Theorem (F. '21)

Qj, € {P;,Qn} (ran(Py) C PY(T), ran(Qn) = PX(T))
o Idempotent: Q%¢ = ¢ for all ¢ € PY(T)

@ Approximation:

11 = Qr)¢ll-1 S A7l

@ Global boundedness: (is also true locally)

1@%oll-1 S NI¢ll-1, QRN S N4l

o Efficient computation (if (¢,7.) and (¢, n57) known)

o Interpolation theory proves corresponding results in H~%(£2)
Other interpolation /projection operators IT: H=1(Q) — L2(Q)
@ Diening, Storn, Tscherpel: arXiv.org, 2021+

@ Stevenson & van Venetié, 2018

@ Veeser, Zanotti, ...

[:q Multilevel norms and decompositions in negative order Sobolev spaces, Math. Comp. '21
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The standard lowest-order FOSLS

(up, o) = argmin ||div 7y + 19 £|12 + | Von, — 701
(Uthh)EWh
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MINRES with singular data Regularized FOSLS

The standard lowest-order FOSLS

(up, o) = argmin ||div 7y + 19 £|12 + | Von, — 701
(vthh)eWh

Proposition (Cai, Lazarov, Manteuffel, McCormick, '94)
Let f € L*(Q) and u € H}(Q) solution of —Au = f. Then,

lu = unlls + llo = onllaraive) S B2 llulli+sq + 11 = IR)f].

1/2 < sq < 1 is the regularity shift (sq = 1 if Q convex)
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MINRES with singular data Regularized FOSLS

The standard lowest-order FOSLS

(up, o) = argmin ||div 7y + 19 £|12 + | Von, — 701
(Uthh)EWh

Proposition (Cai, Lazarov, Manteuffel, McCormick, '94)
Let f € L*(Q) and u € H}(Q) solution of —Au = f. Then,

lu = unlls + llo = onllaraive) S B2 llulli+sq + 11 = IR)f].

1/2 < sq < 1 is the regularity shift (s = 1 if © convex)

Estimate in weaker norm
lu —unlls + llo — opll S B Fll—14sq + RII(1 —II7) f]I.

Observation: If f € PY(T), then last term vanishes

12 / 28



MINRES with singular data Regularized FOSLS

Proof idea

Estimate in weaker norm
lu—unlly + llo — opll S B Fll—14sq + RI(1 —IID) f]I.

Note: (up, o) is approximation of
Regularized problem: —Au = H?lf, o = Vu with error

lu =l + llo =&l S 11— 15) fll -1 S Al TR)f]].

13 /28



MINRES with singular data Regularized FOSLS

Proof idea

Estimate in weaker norm
lu—unlly + llo — opll S B Fll—14sq + RI(1 —IID) f]I. J

Note: (up, o) is approximation of
Regularized problem: —Au = H?Lf, o = Vu with error

lu—ally + [lo =l S (1 —11) f]l -1 < hl(1—II}) f]I.
Standard FOSLS error estimate:

1% = unlls + 116 = onll i) S PRl -1esq + 11— TG

13 /28
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Regularized FOSLS

(up, o) = argmin ||divTy, + Q;LfHQ + ||Vop, — ’ThH2
(Vh,Th)EWS
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Regularized FOSLS

(up, o) = argmin ||divT, + thH2 + ||V, — Th||2
(Vh,Th)EWH

Theorem (F., Heuer, Karkulik, '22)
Let f € H-1T5(Q) for some 0 < s < sq. Then,

lu —unlly + llo — onll S | fll-14s-
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Theorem (F., Heuer, Karkulik, '22)
Let f € H-1T5(Q) for some 0 < s < sq. Then,

lu—uplls + lo = onll S A°fll-1+s-

Proof idea: (same as before with II9 f replaced by Qyf)
Regularized problem: —Au = Qpf, 0 = Vu with error

lu—uly +llo—all S0 =Qu)fll-r S P7Ifl-1vs
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Regularized FOSLS

(up, o) = argmin ||divTy, + Q;LfHQ + ||Vop, — ’ThH2
(Vh,Th)EWS

Theorem (F., Heuer, Karkulik, '22)
Let f € H-1T5(Q) for some 0 < s < sq. Then,

lu—uplls + lo = onll S A°fll-1+s-

Proof idea: (same as before with II9 f replaced by Qyf)
Regularized problem: —Au = Qpf, 0 = Vu with error

lu—uly +llo—all S0 =Qu)fll-r S P7Ifl-1vs

Standard FOSLS error estimate:

1@ = unl + llo = onlla@ivie) S P°IQkFll-14s S A LFIl-14
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MINRES with singular data Regularized FOSLS
Quasi-optimality

(up,op) = argmin ||div T, + thH2 + ||V, — ThH2
(v, TH)EWS,

Theorem (F. 22+)

lu—uplli +llo—onl| S min_|lu—vall1 + |lo — 74
(v, Th)EWH
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Quasi-optimality

(up,op) = argmin ||div T, + thH2 + ||V, — ThH2
(v, TH)EWS,

Theorem (F. 22+)

lu—uplli +llo—onl| S min_|lu—vall1 + |lo — 74
(v, Th)EWH

Proof ingredients (o0 = Vu)

lu = uplly +llo—onll S min_|lu—oulls +[[(1 = Qn)fll
thSO(T)
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MINRES with singular data Regularized FOSLS
Quasi-optimality

(up,op) = argmin ||div T, + thﬂz + ||V, — ThH2
(Vh,Th)EWR

Theorem (F. 22+)

lu —uplls +lo—on| S min flu—wvp|li +[lo — 74
(v, Th)EWH

Proof ingredients (o0 = Vu)

31

lu—upli+lle—op| S min_|u—waplls + |1 = Qn)fll-1
AS o(T)

Using that @ is a projection on P°(T) and f = —dive
1A= @Qn)fll-1 =1 = @n)div(e —7p)[-1 S [|div (o — 74)[| -1
S llo =74l

for 7, € {7 € H(div;Q) : divr € PY(T)}, particularly 7, € RT(T)

15 / 28



MINRES with singular data Regularized FOSLS

Numerical experiment
u(z,y) = |z — y|>/* sin(rz) sin(ry) € HFYAE(Q),  (x,y) € (0,1)%,
f=-Aue HTA=(Q).

L 1 o 111 I 11 R B MR A1) B B A 1L/ B R

100

Ll

107!

T T T T T TTTT

Ll

102

1073

Ll ol

|

1074

UL ALY IR

Tl oo v vod
10t 10* 10° 10* 10° 10°
Dotted lines: O(h'/4), O(h), O(h!*T1/4)
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MINRES with singular data

L?* estimate in FOSLS
Situation: f € L?(f2), so no need to regularize data, but
o |lu—uyl = Oh?) if Q5 = Qp (regularized FOSLS)
o(

o |lu—upl =
=10
10° - |
1073 |
Ju—up,
1076 | - IIVQu - Uh)‘H

10t 103

10°

10°

1073

106

h3/2) if QF = TIY9 (standard FOSLS)

= ([ — )|

10t 103 10°

You can prove that regularized FOSLS converges optimal in L? norm!

Regularized FOSLS

[F Cai. Ku. SINUM '06. '10 and Ku. SINUM '11
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A posteriori estimate
n? = || Vuy — onl” + [[dives + Qnfl%,

osc(f) = [|(1 = Qn) fll-1-

@ Ern, Gudi, Smears, Vohralik, IMA, '22

ﬁ Carstensen, Collective marking for adaptive LSFEM, Math. Comp. Vol. 89, 2020
18 / 28
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Theorem (F., Heuer, Karkulik, '22)
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@ Ern, Gudi, Smears, Vohralik, IMA, '22
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A posteriori estimate
n? = || Vuy — onl” + [[dives + Qnfl%,

osc(f) = [|(1 = Qn) fll-1-

Theorem (F., Heuer, Karkulik, '22)
£ € HHQ)m S flu—wills + o — ol S 71+ ose(f) J

Proof ingredients: Show that

Idiver, + Qnfll < | Vun — o

@ Ern, Gudi, Smears, Vohralik, IMA, '22

ﬁ Carstensen, Collective marking for adaptive LSFEM, Math. Comp. Vol. 89, 2020
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MINRES with singular data Regularized FOSLS

A posteriori estimate
n? = || Vuy — onl” + [[dives + Qnfl%,

osc(f) = [|(1 = Qn) fll-1-

Theorem (F., Heuer, Karkulik, '22)

Iff€ H Q) < lu—unlli + o — onll S 1+ osc(f) }

Proof ingredients: Show that

[diven + Qnfll < [[Vun — ol

This requires duality-type argument and

o Interpolation operator in Raviart—-Thomas space (Ern et al. '21)
o Similar estimate known if f € L?(Q) with

ose(f) = [|(L = T) fll-1 < A7 (1 =T £

@ Ern, Gudi, Smears, Vohralik, IMA, '22

Fﬂ Carstensen, Collective marking for adaptive LSFEM, Math. Comp. Vol. 89, 2020
18 / 28
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MINRES with singular data Regularized DPG

Ultra-weak formulation of Poisson problem

o u=(u,o,u,0)clU,v=(v,T1)eV
@ Bilinear form b: U x V — R, Functional L : V — R

b(u,v) := (o,Vyv) — (G,0)s
+(o,7)+ (u,divyr) — (u,T-n)s,

L(v) := (f,v)

19 / 28
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@ Bilinear form b: U x V — R, Functional L : V — R

b(u,v) := (o,Vyv) — (G,0)s
+(o,7)+ (u,divyr) — (u,T-n)s,
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Ultra-weak formulation of Poisson problem

o u=(u,o,u,0)clU,v=(v,T1)eV
@ Bilinear form b: U x V — R, Functional L : V — R

b(u,v) := (o,Vyv) — (G,0)s
+ (o, 7)+ (u,divyr) — (U, 7 n)s,

L(v) :== (f,v)
@ Variational form: Find v € U s.t.

b(u,v) = L(v) forallveV.

Theorem (Demkowicz & Gopalakrishnan, SINUM '12)

b
Cully < [|Bullyr = sup 22 b, Gu)? Ve U
veV ”UHV

19 /28



MINRES with singular data Regularized DPG

Framework
@ T mesh with skeleton S
@ Traces:
Y5 H(Q) — [ HY*(0T) Y0,5vlor = vlor,
TeT
Tn,s : H(div; Q) — H H_1/2(8T) SO |lor = 0 - np
TeT

20 / 28



MINRES with singular data Regularized DPG

Framework
@ T mesh with skeleton S
@ Traces:
Y5 H'(Q) — [ HY*0T) Yo,5v]aT = vlar,
TeT
Tn,s : H(div; Q) — H H_1/2(8T) SO |lor = 0 - np
TeT

@ Spaces: U := L?(Q) x L?>(Q)" x HS/Z(S) X H—1/2(,5)

Hy*(S) := 70,5 (HL (),
H™2(8) = yn.s(H(div;Q))

e Norms (minimum energy extension)
1@, 3)15 = 1l /0.5 + 151121 2,5

20 / 28



MINRES with singular data Regularized DPG

Practical DPG

Spaces
o Up:=PUT) x PUT)™ x PLS) x PUS)
o Vj :=PYT) x PXT)"

Fortin operator (Gopalakrishnan & Qiu, Math. Comp. 2014)
Existence of IT: V — V}, sit. forall up, € Uy, v €V

|[Hvlly < Cullv|v, b(un,v) = blup,Iv)

21 /28
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Practical DPG

Spaces
o Up:=PUT) x PUT)™ x PLS) x PUS)
o Vj :=PYT) x PXT)"

Fortin operator (Gopalakrishnan & Qiu, Math. Comp. 2014)
Existence of IT: V — V}, sit. forall up, € Uy, v €V

|[Hvlly < Cullv|v, b(un,v) = blup,Iv)

Still: Quasi-best approximation

lu —up|ly < C min ||[u—wlly
wp U

21 /28



MINRES with singular data Regularized DPG

Regularized DPG method

bu,v) = (f,v) Yo=(v,7)eV =HYT)x H(div;T).

Again, taking f € H~1(Q) is not well defined

22 /28
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MINRES with singular data Regularized DPG

Regularized DPG method

bu,v) = (f,v) Yo=(v,7)eV =HYT)x H(div;T).

Again, taking f € H~1(Q) is not well defined
Regularized DPG

b(u,v) = (Qpf,v) Yv=(v,7)eV.
Theorem (F., Heuer, Karkulik, '22)

Let f € H-1T5(Q), s < sq, up, = (up, on, Up,01) € Uy DPG approx.

lu —unll + llo — ol + @ = Unll/2,s S P Fll-14s

If Q3 = Py and Q2 convex, then
lw = unll S AIIfl-2
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Numerical example

As before for the FOSLS

\‘ T \HHH‘ T \HHH‘ T \HHH‘ T \HHH‘ T \HHH‘ L
109 4
1072 | .
[l — uall |
| == [Ju —up | |
—4 | h |
107 o o — ol
ﬂ L \HHH‘ L \HHH‘ L \HHH‘ L \HHH‘ L \HHH‘ L \7

108 102 10 10* 105 10

Dotted lines correspond to O(h'/*4), O(h), and O(h'*1/%)
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Uniform vs. adaptive

(LI L L 1 1 B A1 B
10°
107" ¢
1072 || —e— E
| == llu— up |l unif. 1
[ | = |0 — &}, || unif. N
| | == 7 adap. i
10_3 | == |u — up|| adap. E
b | =@ llo — o | adap. T
W Y S S A N1 B B B MW T B

10t 10* 10 10t 100 10°

N =degrees of freedom

Dotted lines correspond to O(N~1/8), O(N~Y%), and O(N~1/?)
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Point loads
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Dirac distribution at zo € 2 as force: (u ¢ H*(Q) for 2D and 3D)

—Au = by,

[:q Scott: Finite element convergence for singular data, Numer. Math. '73
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Dirac distribution at zo € 2 as force: (u ¢ H*(Q) for 2D and 3D)
—Au = by,
Recall that to compute P} f resp. @, f we only need to know the actions

(fynz)a (fanb,T)

These functions are continuous so we replace f by d,

m Scott: Finite element convergence for singular data, Numer. Math. '73
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MINRES with singular data Point loads

Dirac distribution at zo € 2 as force: (u ¢ H*(Q) for 2D and 3D)
—Au = by,
Recall that to compute P} f resp. @, f we only need to know the actions

(fynz)a (fanb,T)

These functions are continuous so we replace f by d,
Lemma (F., Heuer, Karkulik, '22)

o |logh|1/2 n=2,
1@zl 2 K/2, @70z ll-1 S {h—1/2

n =

(1 = @F)uoll-2 S B>/

Note: The last estimate for Q7 = @}, is true under mesh condition

m Scott: Finite element convergence for singular data, Numer. Math. '73
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Regularized MINRES with point loads
DPG method with load P} 44,
Theorem (F., Heuer, Karkulik, '22)

Suppose Q convex, u, = (up, on, Up, op) € Up, DPG approx.:

= ] < |log h|'2h n =2,
MU pi2 n=3.
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Regularized MINRES with point loads
DPG method with load P} 44,

Theorem (F., Heuer, Karkulik, '22)
Suppose Q convex, u, = (up, on, Up, op) € Up, DPG approx.:

= unl| < |log h|'2h n =2,
R VAV n = 3.

FOSLS with load Qp6z,

Theorem (F., Heuer, Karkulik, '22)

Suppose Q convex, (up, o) € Wy, FOSLS approx.:
lu — un| S B>

Note: Latter result holds under assumption on mesh:
s, = z for all interior vertices z, and s, is the patch center of mass
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Q= (-1,1)2, 2o = (0,0).
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Conclusion

Regularized MINRES methods for singular data

@ FOSLS and DPG (basic ideas apply to other methods)
@ jQuasi-optimal!

@ Extends to point loads

o Extends to other PDEs, e.g.,
—div(AVu) + 8- Vu+cu = f,

’U,’FD = 0,
AVu-n|r, =0
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MINRES with singular data Conclusion
Conclusion

Regularized MINRES methods for singular data
e FOSLS and DPG (basic ideas apply to other methods)
@ jQuasi-optimal!
@ Extends to point loads
o Extends to other PDEs, e.g.,
—div (AVu) + B - Vu+cu = f,
u]pD = 0,
AVu-n|r, =0

Regularization operators

o P/ HYQ) — PYT) and Q1 HH(Q) — PY(T)

@ Locally defined and computable

e Bounded in H5(Q), s € [0,1]

@ Idempotent on piecewise constants and approximation properties
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Thank you for your attention!

@ Thomas Fuihrer, Norbert Heuer, Michael Karkulik: MINRES for
second-order PDEs with singular data, SINUM, 60, 2022

@ Thomas Fiihrer: Multilevel decompositions and norms for negative
order Sobolev spaces, Math. Comp., 91, 2021

[@ Thomas Fiihrer: Quasi-optimality of FOSLS with ! loads, in
preparation, 20224
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