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Motivation – Adaptive mesh-refinement

10−1 100 101 102 103

10−3

10−2

10−1

0.5

1

0.25
1

cumulative mean runtime (in sec.)

l
e
a
s
t
-
s
q

u
a
r
e
s

f
u

n
c
t
i
o

n
a
l
L
S
(f
;σ

`
,u

`
)1
/
2

NALSFEM

CALSFEM

SALSFEM

1.47202817 × 10−2
8.31 sec.

Averaged time measurements on 16 CPUs

(Intel Xeon Platinum 8280L with max. 4.0GHz)

−1 0 1

−1

0

1

2ϵ

2ϵ

fϵ ≡ 0
fϵ ≡ 1

−∆u = fϵ in Ω and u = 0 on ∂Ω

P. Bringmann Motivation



Outline

1 Adaptive least-squares FEMs

2 Convergence analysis

3 Numerical comparison

P. Bringmann Outline



Adaptive least-squares FEMs



Least-squares formulation

Ω ⊂ R2 polygonal Lipschitz domain, f ∈ L2(Ω),

∂Ω = ΓD ∪ ΓN into Dirichlet and Neumann boundary ΓD and ΓN with |ΓD |, |ΓN | > 0

Minimise LS(f ;σ ,u) B ‖ f + divσ ‖2L2(Ω) + ‖σ − ∇u‖
2
L2(Ω)

s.t. σ ∈ Σ B {τ ∈ H (div,Ω) : τν = 0 on ΓN}

u ∈ U B {v ∈ H 1(Ω) : v = 0 on ΓD}

[Führer-Heuer-Karkulik, SINUM, 2022] for right-hand sides in H−1(Ω)
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Least-squares FEM

Let T be regular triangulation of Ω resolving ΓD and ΓN and k ∈ N0

Minimise LS(f ;σLS,uLS) B ‖ f + divσLS‖
2
L2(Ω) + ‖σLS − ∇uLS‖

2
L2(Ω)

s.t. σLS ∈ Σ
k (T ) B {τRT ∈ RTk (T ) : τRTν = 0 on ΓN}

uLS ∈ U
k+1(T ) B {vC ∈ S

k+1(T ) : vC = 0 on ΓD}

k = 0 RT0 S1
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Built-in a posteriori error estimation

For subsetsM ⊆ T define the error estimator η2
N
(T ,M) B

∑
T ∈M

η2
N
(T ,T ) with

η2
N
(T ,T ) B ‖ f + divσLS‖

2
L2(T ) + ‖σLS − ∇uLS‖

2
L2(T )

Reliability and e�iciency

η2
N
(T ) B η2

N
(T ,T) = LS(f ;σLS,uLS) ≈ ‖σ − σLS‖

2
H (div,Ω) + ‖∇(u − uLS)‖

2
L2(Ω)

Asymptotic exactness

LS(f ;σLS,uLS)
/ (
‖σ − σLS‖

2
H (div,Ω) + ‖∇(u − uLS)‖

2
L2(Ω)

)
→ 1 as hmax → 0

[Carstensen-Storn, SINUM, 2018]
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Natural adaptive algorithm with collective marking

NALSFEM

Input: initial triangulation T0 and bulk parameter 0 < θ ≤ 1

Solution

of LSFEM

Estimation

with ηN(T̀ )

Dörfler marking

θη2
N
(T̀ ) ≤ η2

N
(T̀ ,M`)

Refinement

by NVB

` B ` + 1

Output: triangulations T̀ with solutions σ`,u`

[Dörfler, SINUM, 1996] [Pfeiler-Praetorius, Math. Comp. 2020] [Stevenson, Math. Comp. 2008]
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Alternative a posteriori error estimator

Let η2
S
(T ) B

∑
T ∈T

η2
S
(T ,T ), µ2(T ) B

∑
T ∈T

µ2(T ), and osc2(f ,T) B
∑
T ∈T

osc2(f ,T ) with

η2
S
(T ,T ) B |T |

(
‖ div(σLS − ∇uLS)‖

2
L2(T ) + ‖ curlσLS‖

2
L2(T )

)
+ |T |1/2

∑
F ∈F(T )\F(ΓD)

‖[∇uLS · nF ]F ‖
2
L2(F )

+ |T |1/2
∑

F ∈F(T )\F(ΓN)

‖[σLS · tF ]F ‖
2
L2(F )

µ2(T ) B ‖(1 − Πk )f ‖
2
L2(T ) osc2(f ,T ) B |T |1/2‖(1 − Πk )f ‖

2
L2(T )

[Carstensen-Park, SINUM, 2015]
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Alternative adaptive algorithm with collective marking

The estimator η2
C
(T ,T ) B η2

S
(T ,T ) + osc2(f ,T ) satisfies

η2
C
(T ) B

∑
T ∈T

η2
C
(T ,T ) ≈ ‖σ − σLS‖

2
L2(Ω) + ‖∇(u − uLS)‖

2
L2(Ω) + osc

2(f ,T)

CALSFEM

Input: initial triangulation T0 and bulk parameter 0 < θ ≤ 1

Solution

of LSFEM

Estimation

with ηC(T̀ )

Dörfler marking

θη2
C
(T̀ ) ≤ η2

C
(T̀ ,M`)

Refinement

by NVB

` B ` + 1

Output: triangulations T̀ with solutions σ`,u`

[Carstensen, Math. Comp. 2020] [Carstensen-Ma, CAMWA, 2021]
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Alternative adaptive algorithm with separate marking

SALSFEM

Input: initial triangulation T0, separation parameter 0 < κ, bulk parameter 0 < θ ≤ 1,

and reduction parameter 0 < ρ < 1

Solution

of LSFEM

Estimation with

ηS(T̀ ), µ(T̀ )
µ2(T̀ ) ≤ κη2

S
(T̀ )

Dörfler marking

θη2
S
(T̀ ) ≤ η2

S
(T̀ ,M`)

Refinement

by NVB

Data approximation

µ(T̀ +1) ≤ ρ µ(T̀ )no

yes

` B ` + 1

Output: triangulations T̀ with solutions σ`,u`

[Carstensen-Park, SINUM, 2015] [Binev-DeVore, Numer. Math. 2004]

[Carstensen-Rabus, Math. Comp. 2011]
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Convergence analysis



Plain convergence of NALSFEM

The output (σ`,u`)` of NALSFEM satisfies

‖σ − σ` ‖
2
H (div,Ω) + ‖∇(u − u`)‖

2
L2(Ω) + η

2
N
(T̀ ) → 0 as ` →∞

even for other marking strategies

[Führer-Praetorius, CAMWA, 2020; Gantner-Stevenson, M2AN, 2021; Siebert, IMA JNA, 2011]
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Q-linear convergence of NALSFEM

For k = 0

Assume that the initial triangulation is su�iciently fine in that f = ΠL+1 f

There exist a minimal bulk parameter 0 < θ0 < 1 and constants 0 < ρ < 1 and

0 < Λ < ∞ such that for all θ0 ≤ θ ≤ 1, the modified estimator

η̃2
N
(T̀ ) B LS(f ;σ`,u`) + Λ ‖(1 − Π`)σ` ‖

2
L2(Ω)

satisfies

η̃2
N
(T̀ +1) ≤ ρ η̃

2
N
(T̀ ) for all ` = L,L + 1, . . .

[Carstensen-Park-Bringmann, Numer. Math. 2017]
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Optimal convergence rate of CALSFEM

There exists a maximal bulk parameter 0 < θ0 < 1 such that for all 0 < θ < θ0 and

0 < s < ∞, the output (σ`,u`)` of CALSFEM satisfies

sup
N ∈N
(N + 1)s min

T∈T(N )
ηC(T ) ≈ sup

`∈N

(
|T̀ | − |T0 | + 1

)s
ηC(T̀ )

[Carstensen, Math. Comp. 2020] [Carstensen-Ma, CAMWA, 2021]

Proof by axioms of adaptivity [Carstensen et al. CAMWA, 2014]
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Optimal convergence rate of SALSFEM

There exist a maximal bulk parameter 0 < θ0 < 1 and a maximal separation parameter

0 < κ0 ≤ ∞ such that for all 0 < θ < θ0, 0 < κ < κ0, 0 < ρ < 1, and 0 < s < ∞, the output

(σ`,u`)` of SALSFEM satisfies

sup
N ∈N
(N + 1)s min

T∈T(N )

(
η2

S
(T ) + µ2(T )

)1/2
≈ sup

`∈N

(
|T̀ | − |T0 | + 1

)s (
η2

S
(T̀ ) + µ2(T̀ )

)1/2
Proof by axioms of adaptivity [Carstensen-Rabus, SINUM, 2017]

Unified proof for Poisson problem, Stokes equations, and linear elasticity in 2D and 3D

with inhomogeneous boundary conditions and arbitrary polynomial degree k ∈ N0
presented in

[Bringmann, PhD thesis, 2021] [Bringmann, J. Numer. Math. 2022]
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Numerical comparison



2D benchmark example with microstructure

Poisson model problem with homogeneous Dirichlet boundary conditions

fϵ ∈ L
2(Ω) with ϵ > 0 and fϵ (x) B

{
1 if |x1 +

1
2 | ≤ ϵ and |x2 −

1
2 | ≤ ϵ

0 otherwise
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Approximation to solution of −∆u = fϵ

[Rabus, J. Numer. Math. 2015, Sect. 3.4] [Sutherland-Hodgman, Commun. ACM, 1974]
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Comparison of the three methods
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Comparison of meshes
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Choice of bulk parameter θ
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[Carstensen-Hellwig, CMAM, 2018]
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Choice of bulk parameter θ
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Choice of bulk parameter θ
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Choice of separation parameter κ in SALSFEM
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Choice of separation parameter κ in SALSFEM
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Choice of reduction parameter ρ
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Conclusion

Choice of method

SALSFEM for guaranteed optimal convergence rates

NALSFEM for e�icient alternative

CALSFEM for e�icient method with optimal convergence rates in weaker norm

Choice of parameters

bulk parameter 0.3 ≤ θ ≤ 0.7
separation parameter κ B q2

`
/10 for ` = 0 or small ` > 0 (e.g., from uniform refinement)

reduction parameter 0.3 ≤ ρ ≤ 0.8
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