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Adaptive least-squares FEMs



Least-squares formulation

Q c R? polygonal Lipschitz domain, f € L3(Q),

0Q =Tp Uy into Dirichlet and Neumann boundary Iy and Ty with |Ip], [Tny| > 0

Minimise LS(f;o,u) = ||f + div 0-”1%2(9) + |lo - Vu||iz(9)
st. oce€eX:={reH(iv,Q) : v =00n Iy}
ueU:={veH Q) : v=00nIp}

[Fiihrer-Heuer-Karkulik, SINUM, 2022] for right-hand sides in H~}(Q)
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Least-squares FEM

Let 7 be regular triangulation of Q resolving Ib and I'y and k € Nj

Minimise LS(f, oLs, u|_s) = ||f + div O-LS”EZ(Q) + ||O'|_5 - VuLsHiz(Q)
st. o5 € Ek(T) = {trt € RTe(7") : tr7v = 0o0n Iy}
us € UFY(T) = {vc € S¥*UT) : vc =0onIp}
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Built-in a posteriori error estimation

For subsets M C 7 define the error estimator n§(7, M) = Z n%(7, T) with %B“\“
TeM

BT T) = |If +divous|Z g, + llos = Vasliz g,

Reliability and efficiency

(T = (T, T) = LS(f; o5, ts) ~ |0 = 01 lyaiv. ) + IV (@ = ws)llfzq)

Asymptotic exactness

LS(f, oLs, uLS)/(HO- - O'LSHIZJ(diV,Q) + ”V(u - uLS)“iZ(Q)) —1 as hpax — 0

[Carstensen-Storn, SINUM, 2018]
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Natural adaptive algorithm with collective marking

NALSFEM

Input: initial triangulation 75 and bulk parameter 0 < 0 <1

Dorfler marking
On3(Te) < m(Te, M)

Estimation
with nn(7¢)

Refinement
by NVB

C=C+1

Output: triangulations 7¢ with solutions o, ue

[Dorfler, SINUM, 1996] [Pfeiler-Praetorius, Math. Comp. 2020] [Stevenson, Math. Comp. 2008]
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Alternative a posteriori error estimator

2, R
Let nZ(7) := Y q&(T.T), p3(T) = »_ pX(T), and osc*(f,7) = »_ osc*(f,T) with""*
TeT TeT TeT

@|vu
Z

BT T) = [TI( Il divios - Vaus)lea, + ll curlousla )

1T Y Vs - nelE N,

FeF(T)\F(Ib)
T2 o - telellfgp
FeF(T)\F(IN)
PAT) = 1100 = T I osc*(£,T) = ITI"*|(1 = Te) 1127,

[Carstensen-Park, SINUM, 2015]
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Alternative adaptive algorithm with collective marking

The estimator n2(7°,T) := ni(7,T) + osc?(f, T) satisfies R

ne(T) = Z ne(T.T) = |lo - 0L5||§z(9) +[[V(u - uLs)||iz(Q) +osc*(f,T)
TeT

CALSFEM

Input: initial triangulation 75 and bulk parameter 0 < 0 < 1
Solution Estimation Dorfler marking
of LSFEM with nc(7e) One(Te) < ne(Te, Me)

t={(+1
Output: triangulations 7¢ with solutions oy, ue

Refinement
by NVB

[Carstensen, Math. Comp. 2020] [Carstensen-Ma, CAMWA, 2021]
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Alternative adaptive algorithm with separate marking

SALSFEM g

N <
Upprtt

Input: initial triangulation 7;, separation parameter 0 < k, bulk parameter 0 < 8 < 1,

and reduction parameter 0 < p < 1
yes( Dorfler marking Refinement
0n3(Te) < n3(Te, M) by NVB

Estimation with
ns(7e), u(7e)
Data approximation

no H(Te+1) < p p(Te)
C={0+1

Output: triangulations 7¢ with solutions o, ue

[Carstensen-Park, SINUM, 2015] [Binev-DeVore, Numer. Math. 2004]

[Carstensen-Rabus, Math. Comp. 2011]

P. Bringmann 7/18



Convergence analysis



Plain convergence of NALSFEM

The output (oy, u¢)e of NALSFEM satisfies
lo = oel e + 1V = ue) o + 1A(TE) > 0 as € —

even for other marking strategies

[Fihrer-Praetorius, CAMWA, 2020; Gantner-Stevenson, M2AN, 2021; Siebert, IMA JNA, 2011]
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Q-linear convergence of NALSFEM

Fork =0
Assume that the initial triangulation is sufficiently fine in that f =TIy f

There exist a minimal bulk parameter 0 < 6, < 1 and constants 0 < p < 1 and
0 < A < oo such that for all 8y < 8 < 1, the modified estimator

n(Te) = LS(f 0, ue) + All(1 = Ie)orll}z g

satisfies
7%(Te+1) < piig(T) forall € =L, L+1,...

[Carstensen-Park-Bringmann, Numer. Math. 2017]
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Optimal convergence rate of CALSFEM

There exists a maximal bulk parameter 0 < 6y < 1 such that for all 0 < 6 < 6, and
0 < s < oo, the output (o¢, ug)e of CALSFEM satisfies

sup(N +1)° Fin, UC(T)~SUP(|T| 7] +1)"nc(7e)

NeN £eN
[Carstensen, Math. Comp. 2020] [Carstensen-Ma, CAMWA, 2021]
Proof by axioms of adaptivity [Carstensen et al. CAMWA, 2014]
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Optimal convergence rate of SALSFEM

EN
Y

T
There exist a maximal bulk parameter 0 < 6, < 1 and a maximal separation parameter
0 < k9 < oosuchthatforall0 <8 <6p,0<x<xp,0<p<1,and0 < s < oo, the output
(o¢,ug)e of SALSFEM satisfies

. 2 1/2
sup(N +1)° min_(n3(T) + p%(T))""? ~ sup (17| = |%6] + 1)° (n3(70) + (7)) "
NeN T€T(N) £eN

Proof by axioms of adaptivity [Carstensen-Rabus, SINUM, 2017]

Unified proof for Poisson problem, Stokes equations, and linear elasticity in 2D and 3D
with inhomogeneous boundary conditions and arbitrary polynomial degree k € Nj
presented in

[Bringmann, PhD thesis, 2021] [Bringmann, J. Numer. Math. 2022]

P. Bringmann 11/18



Numerical comparison



2D benchmark example with microstructure

Poisson model problem with homogeneous Dirichlet boundary conditions

1 iflx;+3 <eand|x;— 3| <e
fe € L*(Q) with €>0 and fi(x):= il .2| bz =
0 otherwise

1 | ~10_3
Of=o0
2€ n mf=1 2
O | - .
0
-1 | ! B
L2 \
-1 0 1 -1 -1
L-shaped domain Q = (-1,1)?\ [0, 1)? Approximation to solution of —Au = f;
[Rabus, J. Numer. Math. 2015, Sect. 3.4] [Sutherland-Hodgman, Commun. ACM, 1974]
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Comparison of the three methods
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Comparison of meshes

w o
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Choice of bulk parameter 0
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Choice of bulk parameter 0
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Choice of bulk parameter 0
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Choice of reduction parameter p
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Conclusion

Choice of method
SALSFEM for guaranteed optimal convergence rates
NALSFEM for efficient alternative

CALSFEM for efficient method with optimal convergence rates in weaker norm

Choice of parameters
bulk parameter 0.3 < 6 < 0.7
separation parameter k = qf;/lo for £ = 0 or small £ > 0 (e.g., from uniform refinement)

reduction parameter 0.3 < p < 0.8
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