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Let A € (0,1) and consider the differential equation:
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- Is the test function v trainable to reduce the error in known data ?
- How to come up with a practical family of trainable test functions?
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Motivating example 1: incorporation of data.
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—Exact solution
0.95. —P.G. solution
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How to obtain the red solution?
IDEAS:

>

>

Incorporate a neural-network £ as a control
variable into the discrete weak-formulation.

Define the discrete solution usc € Uy
obtained using this neurally-controlled
weak-form.

Assuming you have a set of reliable data
{G 1 C R (e.g., known quantities of
interest of the exact solution), then try to
minimize the following cost functional:

Ng
1 —_— .
J(une) 3:Z§\Qi(uh,g)*qi\2 — min,

i=1

where ¢g; : U — R are Qol functionals.
(supervised learning)
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Motivating example 2: incorporation of qualitative attributes.
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Same idea:
» Incorporate a neural-network £ as a control

variable into the discrete weak-formulation

» Define the discrete solution v, ¢ € Uy
obtained using this neurally-controlled

weak-form.
» Try to minimize the total variation:
J(une) = |lupelln  —> min

(unsupervised learning)

Q: How to intervene a discrete formulation in order to incorporate a control

parameter?



Discrete formulations

» U, C U (Hilbert trial space for discrete solutions)

» U C V (Hilbert test space, discrete or not, with inner-product (-, -)v)
» b(-,) : UxV — R (continuous bilinear form of the PDE)

> f € V' RHS of the PDE b(u,v) = f(v) WveV

» B:U — V" (induced operator) Bw = b(w,-) € V', weU

The parent: (Residual minimization form)

. = argmin (p|f<>—b<w>l>

et \oep Vllv

up = argmin ||f — Bw,
wp €Uy

The offspring: (Mixed/saddle-point form)

(r, v)v + b(up,v) =f(v), VeV
b(Wh7 r) = 0, Ywy, € Uy

The holy spirit: (Petrov-Galerkin w/optimal test functions form)

b(uh, Vh) = f(vh), Vv, € V) = R?;IBU;,
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Discrete state problem and associated cost functional

Functional spaces and operators:
» ¢ € X (Hilbert space for the control variable)
» U, C U (Hilbert trial space for discrete solutions)
» U C V (Hilbert test space, discrete or not)
> a(&-,-) 1 VXV — R (controlled equivalent inner-product)
» b(-,-): UxV — R (variational form of the PDE)
>

7. (space for observations) and Q : U — Z (observation operator)

State problem: Given ¢ € X & f € V*, find vy € Uy, (and re € V) st

a(& re,v) + b(une,v) =f(v), VeV,
b(Wh, rg) =0, Vwy € Uy,

Reduced cost functional: Given desirable observations or attributes z, € Z,

J(€) == q(&) + ap(§) = *I\Q(Uh ¢) = zllZ + %HEllfx
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Neural quasi-minimization

» The idea is to minimize j(-) over a computable subset M, C X

» M, C X will be the manifold of all the realizations functions for a fixed
neural-network architecture parametrized by n

» Warning: M, C X may not be convex and closed in the topology of X !

> The cost functional j(-) may have an infimum when restricted to M, but
not a minimizer in M,

Definition (Quasi-minimization concepts; Shin, Zhang & Karniadakis)

Let {M,} be a sequence of subsets of X and {d,} — 0". A quasi-minimizing
sequence {£,} C X consists of quasi-minimizers &, € M, satisfying:

JE) < _inf i) + % M)

EnEM,

The problem to find &, € M, satisfying (1) will be our quasi-minimizing
control problem.



Main result 1 (independent interest)

Theorem
Assume that j : X — R is Gateaux differentiable, with derivative j' : X — X*
satisfying for all £, € X:

> GO =J )&=y y 27

> ['(€) = (lx+ < LIIE —ml
Then the following hold true

|¢ —n||% (strong convexity of j)

x (Lipschitz continuity of j')

1. j(-) has a unique minimizer £ € X, which satisfies j'(£) = 0 in X*
2. Forany M, C X and 6, > 0, j(-) has a quasi-minimizer &, € M.,

3. Any quasi-minimizer satisfies the following quasi-optimal error estimate:

e c 112 L . = 2 6n
—&llx < = inf —&nllx + —
1€ =&l < = inf Il +
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Example 2 (Deep Ritz method): j(¢) = b(¢,€) — £(€)
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Main result 2

Going back to our original problem ...

. . . 1 «@
> Let j(€) == i(€) + ap(€) = 5[ Qune) — 212 + 5 1€
» Let S, : X — Uy be the control-to-state operator, i.e., Sh(&) = une

Theorem
Assume S (-) differentiable, Sy(-) and S;(-) uniformly bounded on X, and S;(-)
Lipschitz continuous. Then

1. ji,j2,j : X = R are Gateaux differentiable with ji, j,j' : X — X* Lipschitz
continuous.

2. For a > 0 large enough (or ji convex), j(-) is strongly convex.

Notice that in our case ...

A(€)r + BS(§) =f A (&) + BSy(E)n = —[A(E)n]r(€)
B*r =0 B*r'(&)n =0

Hence, suitable conditions on A(-) will imply desired conditions on Sp(+), viz.,
A(-) Gateaux differentiable and uniformly bounded from above and below; A'(-)
Lipschitz continuous and uniformly bounded.
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Point value control for weighted least-squares

u+Au=X in(0,1)

Problem: { u(0) = 0

Variational formulation:

with A >> 1.

» Trial: U, C H(lo(O., 1) conforming piecewise linear on uniform mesh (size h)

> Test: V= 1%(0,1)

> (Bu,v);2 = fol(u/ + Au)v = )\fol v=:(f,v)p

Neurally-controlled discrete formulation:

r ~
V) 4 (Bung, —(Ffv): VeV
(Sv) .+ Bt = (Fv)e
(BWh7 r)Lz =0 Ywy, € Uy

<w(f)BWh7 f— BUf,Ag)L2 =0
Vwy, € Uy

mixed form

Cost functional:

weighted LS form

Jj(€) = %\u(h) — upe(h))? (assume that we know the value of u(h))




Point value control for weighted least-squares
N - M
Weight: w((x)) =1+ T+ ep(—E(x) 1<w<1+M)

J

ANN: Mg = {ng(x) =32 ¢ ReLU(Wx + b)) | ¢, W;, b; € R}
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Figure: Point value control for weighted least-squares. Minimization of the cost
functional for several values of M (left). Overshoot control of the discrete solutions
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Total variation control for weighted discrete-dual residual minimization

—u"+Xu=X in(0,1)

u(0)=1u'(1)=0 with A >> 1.

Problem: {

Variational formulation:

» Trial: Uy C H(IO(O., 1) conforming piecewise linear on uniform mesh (size h)
> Test: V C H(IO(O, 1) conforming piecewise quadratics on same mesh

> b(u,v):= _fol(u'v' + Auv) = )\fol v=:f(v)

Neurally-controlled discrete formulation:

(u}(f)r/,v')L2 + b(upe,v) =f(v) Vve A\
b(wh, r) =0 Ywy € Uy

Cost functional: j(¢) := [Juj, ¢||;1 (total variation)



Total variation control for weighted discrete-dual residual minimization

--- Exact sol
--- MRes sol
—— Weighted MRes sol
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L1-based control for overconstrained advection-reaction (Guermond)

B-Vu+u=1 in(0,1)

4(0.30) = 0 with 5 = (1,0).

Problem: {

Overconstrained least-squares formulation:
FEM space: U, C {w € H' : w(0,x) = w(1,x) = 0} overconstrained
piecewise linear on uniform mesh (size h)

up € Up s.t. /(1 — up — g Vuh)(ﬁ Vwy, + Wh) =0, Ywy, € Uy
Q
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L-based control for overconstrained advection-reaction (Guermond)
) in (0,1)?
Problem: { u(0,52) = 0

with 5 = (1,0).
Overconstrained least-squares formulation:

FEM space: U, C {w € H* : w(0,x) = w(1,x) = 0} overconstrained
piecewise linear on uniform mesh (size h)

up € Uy s.t. /(1 — up — E Vuh)(g Vwy, + Wh) = 0, Ywy, € Uy
Q
Exact v/s discrete solution:
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L-based control for overconstrained advection-reaction (Guermond)
Overconstrained weighted least-squares formulation:

FEM space: U, C {w € H" : w(0,x) = w(L, x) = 0} overconstrained
piecewise linear on uniform mesh (size h)

Upe € U s.t. / w(f)(l — Upe — E Vuh75)(g- Vw, + Wh) = 0, VYwy, € Up
Q

Cost functional: j(¢) := ||1 — upe — 3 - Vune|/;1 (mimicking L' MinRes)

Exact v/s discrete solution:
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Numerical experiments:

104

102

10°

—Exact solution,
0.8 1| o—Optimal
—#Vi=4
#Vi=16
0.6 || —Galerkin

1D diffusion with one Qol

—u" =4,in(0,1), u(0)=u'(1)=0

Uy = span{x} Qol = 0.6

5
ANN(x; 6) Z O30 (0j1x + 6)2)

Jj=1

— Optimal
—#Vi=4
#Vi=16

0.2 0.4 0.6 0.8
x

(a) Trained weight

o is the logistic sigmoid function.

—e-Optimal

M =
#Vi=16
0.8
0.6
0.4 1071
—Optimal
0.2 —#Vi=4
#V3=16
15 || —Galerkin
0 - - + 4 10 - - +
0 02 04 06 08 1 0 02 04 06 08 1
x A

(b) Optimal test function (c) Relative errors in Qol



Numerical experiments: 1D advection with one Qol

5
ANN(X; 0) = Z 0j30’(0j1X + 9]2) dimV, =128

j=1

Exact v/s Discrete solutions (A = 0.19)

0.35 0.35 0.35
—Exact solution| —Exact solution| —Exact solution,
0.3 | |=—P.G. solution s 0.3 solution 0.3 | —P.G. solution

0.25 3 0.25 0.25 |

0.2 3 0.2 r 0.2+
0.15 0.15 0.15
0.1 0.1 0.1
0.05 0.05 0.05
0 0 0

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0

x x £

(a) One element (b) Two elements (c) Three elements



Numerical experiments: 1D advection with one Qol

u' = (x = NIpy(x) _
{ 4(0) = 0 Qol=0.9 A eo,1]
5
ANN(x; 0) = 030(0j1x + 0;2) dimV, =128
j=1

Absolute error in Qol

107 - - - - + 107 - - - + 107
107" b 107! b 1074,
107 3 1077 3 107
107 . . . 1070 . 10°°
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08
A A A

(a) One DoF (b) Two DoF (c) Three DoF



Numerical experiments: 1D advection with multiple Qols

03+
—Exact solution p
0.25 || —P.G. solution
- - Galerkin reference

0.3 0.3

—Exact solution

0.25 0.25

02 02 02
0.15 0.15 0.15
0.1 0.1 0.1
0.05 0.05 0.05
( pmmzzz=s 0 0
-0.05 . . — ! -0.05 . . — ! -0.05 + - - — '
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1
T T T
(a) Three elements (b) Four elements (c) Five elements
—Qul 1], —qil 1 o =
) —Qol 2 —Ql 2 —Qol2
10°° b 107% 10°% +
107 10! 10-*
107 107 107
1070 . . . . ' 1070 . . . . 10704 . . . . ‘
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1
A A A
(a) Three DoF (b) Four DoF (c) Five DoF
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Numerical experiments: 2D diffusion with one Qol

{

0.8
0.6
0.4

0.2

7AU)\ = f>\ in Q = [0, 1]2
uy =0 over 90
Qol:
N v !
N y
N / 0.8
. /
/
N\ /
N 0.6
AN
X
/N . 04
/ \
/ N\
/ AN 02
/
/ \
/ ‘ \ N
0 02 04 06 08 1 0
(a) One DoF

fx is chosen such that the exact solution is:
ux(x) = sin(mwx1) sin(Arx1) sin(mx2) sin(Arx2)

1
q(u) = — u dx
‘QO‘ Qo
N 1
yan /
N\ / : \ /
N\ V2 0.8
X X
RN RN
\ N\ 0.6
\\%/ N\
ZN Y o
/ . .
N4 NS
N e
7\ 2N 02
/ L / .
\ / N\
. N N 0/ \ V) \
02 04 06 08 1 0 02 04 06 08 1
(b) Five DoF (c) Eight DoF



Numerical experiments: 2D diffusion with one Qol

5
ANN(Xl,Xz; 9) = E 9j40’(9j1X1 -+ 9j2X2 + 9j3) dimV, = 1024
Jj=1
Absolute error in Qol
107 107 1078
107! b 107! b 1074,
107 3 1077 3 1071
107 - . . 10 | 10-6
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08
A A A

(a) One DoF (b) Five DoF (c) Eight DoF



Numerical experiments: parameter A\ on the left hand side

Test set
o Training set

2 3 4 5 6 7 8 9 10
Parameter A

070 { ---- Exact sol ---- Exact sol 0.05] . Exact sol i
—— Weighted MRes 0.08| — Weighted MRes —— Weighted MRes i

0601 ___. Galerkin sol ---- Galerkin sol 0.04| ---- Galerkin sol i

0.50 Qol location Qol location Qol location T

0.40 /

030

020 ~

0.10 s

OvD% 0 0.2 0.4 0.6 0.8 10 10

x x

(@) A=1;rel.err. =0.00%  (b) A =5.5; rel. err. =0.34%  (c) A = 10; rel. err. = 0.35%



Numerical experiments: two parameters on the left hand side

—?u" + BPu=4, in(0,1) ' ‘
u(0)=1u'(1)=0
Qol=0.6
X0 = 0.7




Numerical experiments: Diffusion—Reaction unsupervised training

{ —u" 4+ Au= 2\
u(0)=d'(1)=0

in (0,1)

J(w) = Hu;r,)\,wHLl

0.0

4
10 *\ )
\ e
o 108
102
10!
--- Exact sol
=== MRes sol
— Weighted MRes sol 100
02 04 06 08 10 0.0 02 0.4 0.6 08 10

(a) Exact v/s discrete solutions

(b) Trained weight
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