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Motivation: eigenvalues from coupled differential equations

A4
4%

FATATaTA%
FArATAVATATa

FATATAT

TATATAAAAS
7
e

A

oy

TATATaTe

a4

7
virariy

AN

FArraTs s
s

Tarara
ravarararararaars

7%

A A SR SR T RN SRR
v o NRRRRRRRRRRRRRN

AU AAATAT] RN
AT ATAPAr At

N
Rt
N
A

SN
Faraa
Frarara

v
u

R}
N N
PUZRRRRRRRRRRRRRRIRRNY

K

A4 ATA A APA VA APA VA AV A A APA VA VA VATAPAVAYAPA il

YA T4 YA A YA A AYA VA AYA ATA YA AP VA TAPA VA AYAVAAPAYAYA|
%

N
5
|
x|
x|
x|
|
N
5
|
|
|
|
|
N
N
N
N
|
|
|
|
N
N
N
N
N
N
|
N
N

A AT A A A A A AT A AP A AP A A A AP AT

N
N
N
N

7
7
7
7
7
%
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
%
7
7
7
7
7
7
7
7
7
7

RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRN

RSN
A A A A A A A A A A7 SRR S R NN
NN NN NN RIS
44 A4 A A A A A A A A VA A AP A A AN N R NSNS NN N NSNS
A A AA A NNNNNNSINRRRRRINNRINNR R

T R T
R R R R R AR

Abstract Framework: Liui = Auj in Q  gi(u,...,us) =0o0onT;
O = C,-(u,- g div (A,’O‘,’ — )\u,-

Key objectives for the discretisations

QO Robust discretisations of the corresponding source formulation
= Discretise dual variables o;

Q Flexibility
= Circumvent inf-sup/LBB condition

Bermiidez/Durén/Rodriguez 1998 llows for efficient solving strategies (avoid eigenvalue crossing

Meddahi/Mora /Rodriguez 2014 = Inherent error estimator
Brenner/Cesmelioglu/Cui/Sung 2019

= Relevance of discretisation method in taylored solution strategy
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ROM for parametric eigenvalue problems

Replicate input-output behaviour of large-scale system over a certain range of parameter inputs \

Large-Scale Model Reduced-Order Model

A(p)u(p) = F(p) Outputs of An(p)uy(p) = En(p) Outputs of
s(p) = L(p) Tu(p) » Interest s(u) sn(p) = Ly(p) TUN(H’)» Interest sy()
Parameter Inputs u Parameter Inputs u

dim(Large-Scale Model) >>dim(Reduced-Order Model)=N
The approximation error is small if ||u(p) — upn(pe)|| < e and |s(p) —sy(p)| < EVp e D.
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ROM for parametric eigenvalue problems

o Given a window of values [Amin, Amax] C Ry for
each u € M, find eigenvalues A(1) € [Amin, Amax]
and non-vanishing eigenfunctions u(u) € V such
that, for all v € V it holds

{ —div(A(1)Vu(p)) = Mpu(p) in Q=(0,1)

u(p) =0 on 0f2
o Simple test with diffusion A(x) € R?*? given by the Voo ™ e
Zra—-
diagonal matrix 0. s : = 1
7
A(,u) — 1 0 . (b) First six eigenvalues Ajp,...,A¢pn com-
0 1+u puted by the FEM and sorted according to their

magnitutde, for p € M.
o Eigenfunctions independent of u

05.10.2022 4
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Motivation: eigenvalues from coupled differential equations

Abstract

i

Key objectives for the discretisations
Q Robust discretisations of the corresponding source formulation
= Discretise dual variables o;

Q Flexibility
= Circumvent inf-sup/LBB condition
Bermiidez/Duran /Rodriguez 1998 Allowsfor efficient solving strategies (avoid eigenvalue crossing)

Meddahi/Mora /Rodriguez 2014 = Inherent error estimator
Brenner/Cesmelioglu/Cui/Sung 2019

= Relevance of discretisation method in taylored solution strategy
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» Laplace eigenvalue approximation with LSFEM
» Laplace eigenvalue approximation with DPG
» Vibration of elastic structures

» QOutlook and conclusions

FB, Daniele Boffi, First order least-squares formulations for eigenvalue
problems, IMAJNA, 2021

FB, Daniele Boffi, Least-Squares Formulations for eigenvalue problems
associated with linear elasticity, CAMWA 2020
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From source problems to eigenvalue problems

H, V., V, C V Hilbert spaces.

Study of the i Study of the |
eigenvalue problem

source problem
Convergence from Babuska-Osborn theory
find A e Riue V,u#0:
a(u,v) = Ab(u,v) Yv eV

find ueV
a(u,v) =b(f,v) YweV

find A\, e R,up € V5, u#0: find up € V),
\a(uhyvh) = Anb(un,vn) Von € Vh} K /ka(uh’vh) = b(f,vn) Vup € VhJ
Solution operator: T : H— H, a(Tf,v) = b(f,v) Vv € V
Discrete solution operator: Ty : H — H, a(Tpf, vy) = b(f, vp) Yvy € Vp

If T is compact and self-adjoint, and || T — Th|| 7y 5y — O holds, then
there is no spurious modes.

F. Bertrand - MINRES for eigenvalue problems
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Laplace eigenvalue approximation with LSFEM

@ find A € R and u non vanishing such that —Au=XuinQ and wu=0on 0N

o Standard first order formulation: find A € R and v non vanishing such that for some o

o—Vu=0inQ, dive=-Auin, u=0ondf2

@ Least squares formulation for the source problem
F(r,v) = |t = Vv|?+ ||divr + f||?
o Source problem, variational formulation: find o € H(div, Q) and u € H}(Q) such that

(o,7)+ (dive,divr) — (Vu, )= —(f,divr) V7 e H(div,Q)
— (o, VVv)+(Vu,Vv)=0 Vv € H}(Q)
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Laplace eigenvalue approximation with LSFEM

@ find A € R and u non vanishing such that —Au=XuinQ and wu=0on 0N

o Standard first order formulation: find A € R and v non vanishing such that for some o

o—Vu=0inQ, dive=-Auin, u=0ondf2
@ Least squares formulation for the source problem
F(r,v) = |t = Vv|?+ ||divr + f||?
o Eigenvalue problem: find A € R and v € Hj(Q2) with u # 0 such that for some o € H(div, Q)

(o,7)+ (dive,divr) — (Vu,7) = —A(u,divr) V7 € H(div,Q)
—(o,VVv)+(Vu,Vv)=0 Vv € Hy (Q)
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Laplace eigenvalue approximation with LSFEM

o Eigenvalue problem: find A € R and v € Hj(Q2) with u # 0 such that for some o € H(div, Q)

(o,7)+ (dive,divr) — (Vu,7) = =A(u,divr) V7 € H(div,Q)
—(o,VVv)+(Vu,Vv)=0 Vv € Hy (Q)
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Laplace eigenvalue approximation with LSFEM

o Eigenvalue problem: find A € R and v € Hj(Q2) with u # 0 such that for some o € H(div, Q)

(o, 7)+ (dive,divrt) — (Vu,7) = —A(u,divr) V7T € H(div,Q)
—(o,VVv)+(Vu,Vv)=0 Vv € Hy (Q)

o three families of eigenvalues A BT\ /x 0 D\ /x
o A € R corresponding to dim(rank(B)) (B c ) <y> = A <0 0) (y)
o \ = +oo corresponding to dim (ker (B"))
o A\ = 400 corresponding to dim (Xj)

o Since D = —B', symmetric and positive definite formulation:

Ax = (A +1)BTC1Bx,

= easy computation of the eigenvalues of the first family

F. Bertrand - MINRES for eigenvalue problems 05.10.2022 11



Laplace eigenvalue approximation with LSFEM

o Tr:L%(Q) — L?(Q) such that for f € L?(Q) Tef € H}(Q) is the
second component of the solution of the variational formulation, i.e.

for some o € H(div, Q2):

(o,7)+ (dive,divr) — (V Tef, 1) = —(f,divT)
— (o, VVv)+(VTef,Vv)=0

f=1

for all T € H(div,Q), v € H3(2)

@ Tf is compact and self-adjoint.
@ Reciprocals of its non-vanishing eigenvalues in increasing order

(tending to +00):

D<A < < e <\ <

The corresponding eigenfunctions are denoted by {u;},
F'= 1,2, e pidiy oo 0

05.10.2022
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Laplace eigenvalue approximation with LSFEM

o Trp:L2(Q) — L?(Q) such that given f € L?(Q), Tg pf € Uy is the -
second component of the solution of the Galerkin approximation:

(op,T)+ (divopdivr) — (V Tepf,7) = —(f,divt) VT ei,
—(on, VV)+(VTEpf,Vv)=0 Vv € Uy

®© TfF pis compact and self-adjoint.

@ reciprocals of its non-vaninshing eigenvalues:

0 Ai,p & Agjp = oot & Ajp S oo K ANH)A

o The corresponding eigenfunctions are denoted by {u; »}

o N(h) < dim(Up) is the rank of the matrix D i = 1,2,..., N(h), with
the same convention for normalization and multiple eigenvalues.

13
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Laplace eigenvalue approximation with LSFEM

o Trp:L2(Q) — L%(Q) such that given f € L%(Q), Tr.pf € Uy is the
second component of the solution of the Galerkin approximation:

{(O'h,"l') + (divep,divr) — (V Tepf,7) = —(f,divT) VYT ek,

—(on, VV)+(VTEpf,Vv)=0 Vv € Uy
o Tf pis compact and self-adjoint. We want  Vf € L?(Q)
@ reciprocals of its non-vaninshing eigenvalues: | Tef — Tenfllo < p(h)||fllo

0 < )\Lh Z )‘2,h <0 < )‘I',h o w K )\N(h),h with TFf — u and TF,hf — E

o The corresponding eigenfunctions are denoted by {u; »}

o N(h) < dim(Up) is the rank of the matrix D i =1,2,..., N(h), with
the same convention for normalization and multiple eigenvalues.
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Energy estimates don‘t imply uniform convergence

lo = onlldv + [[u—uplls < C inf ([lo = Thllav + [|u— vall1)
THhEX
vhe Uy

We want
ITef — Tenfllo < p(h)|fllo VF € L*(Q)

with Tef = v and TF,hf: Up

Lack of compactness

dive =f
doesn’t allow any rate of convergence out of
infr.ex, |0 — Thldiv

F. Bertrand - MINRES for eigenvalue problems 05.10.2022 15



We need L2 estimates

We want to estimate ||[u — up||o
Consider the dual problem (related to LL*)
Find x € H(div, Q) and p € H3() such that

{(x,S) + (divy,dive) — (Vp, &) =0 V&€ H(div, Q)
—(x:Vaq)+(Vp,Vq)=(u—unq) Vg€ Hs(Q)

Consider minimal regularity for polytopal domains

u € H*5(Q), for some s > 1/2

We have

x=V(p+g) Ag=u—up Ap=g—u+uydivx=g
and

HP”I-I-S + |Ix|ls + ” divx|14s < CHU — Upl|o

F. Bertrand - MINRES for eigenvalue problems 05.10.2022 16



We need L2 estimates

Take € =0 —opand g =u— up
Use error equation

lu = unll§ = (x, & — oh) + (divix,div(e — o4)) = (V p,o — oh)
— (X, V(u—up)) + (V p,V(u— un))
=(x—Th o —op)+ (div(x — 7h),div(ec — o))
— (V(p—vn),0 — on)
—(x =71 V(u—up)) + (V(p — vn), V(u — up))

We get (for all 74 and vp)

lu—unllg < ClIx — Thllaiv +1lp = vall1)(lo = anlla + lu— unll1)

F. Bertrand - MINRES for eigenvalue problems 05.10.2022 17



Uniform convergence

If the finite element spaces satisfy the approximation properties

inf |lx — 7allaiv < CA*([Ix|ls + [ divx][s)
THEY

inf |lp— vall1 < CP°|Ipll1+s
vreUy

then the following uniform convergence holds true

I(TF = Tem)fllo < h*[|f]lo

= The eigensolutions converge and there is no spurious mode

F. Bertrand - MINRES for eigenvalue problems 05.10.2022 18




Uniform convergence

|

PEP (0}

PEP (1}

PEMd (O}

PEMd (1)

PEMp (0}

PEMp (1}
FOSLS-RT (0}
FOSLS-RT (1)
FOSLS-BEDM (0}
FOSLS-BDM (1)

]
Y
]

L

t

If the finite element spaces satisfy the approximation properties

L

f]

_infx = Tllav < Ch*(Ix]ls + [l divxs) =
- of ||u — up|)?, ei lue 1
inf . - Chs . Convergence of ||u —ug||*, eigenva

i Ip— vallr < [pll1+s =
1*]'3?
then the following uniform convergence holds true i
lﬂ':'g
I(TF = Tem)fllo < A7 f]lo ]
1077 ;
= The eigensolutions converge and there is no spurious mode
1077

10 10°
Dimension of EVP
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Uniform convergence

|

PEP {0}
PEP (1}
PEMd (O}
PEMd (1)
PEMp (0}
PEMp (1}
FOSLS-RT (0}
FOSLS-RT (1)
FOSLS-BDM (0}
. f Chs d FOSLS-BDM (1)
IN — i IV FOSLS-CG (0]
ThEL ”X Th”dw - (“XHS @ H X“s) -®- FOSL5-CG (1)
Convergence of ||o— ox|]?, eigenvalue 1

]
Y
]

L

t

If the finite element spaces satisfy the approximation properties

L

{ ¥4

inf |lp— vall1 < CP°|Ipll1+s |

vh€Up 1071 ;

1072 ;

then the following uniform convergence holds true 1072

10-* 4

ICTF = TFp)fllo < h*[|f]lo

10-%

= The eigensolutions converge and there is no spurious mode =
10-2 -

102 10°
Dimension of EVP
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Uniform convergence

|

PEP (0}

PEP (1)

PEMd {0}

PEMd (1)

PEMp (0}

PEMp (1}
FOSLS-RT (0}
FOSLS-RT (1)
FOSLS-BDM (0)
FOSLS-BDM (1)

inf [l — Tllaw < CH(lIxls + [l divxlls)

(RN

If the finite element spaces satisfy the approximation properties

L

{ ¥4

THET ) FOSL5-CG (1)
. Convergence of (divio — g,)), eigenvalue 1
inf ||p— valls < Ch||p|l14s [ . .
Jinf [lp = valls < CHlpla+
1{]1‘;
then the following uniform convergence holds true -
s 10 3
I(TF = Tem)fllo < A7 f]lo |
102 -
= The eigensolutions converge and there is no spurious mode 1
10-*

10° 10°
Dimension of EVP
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Convergence of the eigenvalues

Theorem (Babtiska—Osborn)
IEI(Te = Tr)fll < p(B) Il VEEH

5(Ep, E) < CHp, and max [Ai = Ajonl| < Clymyi)Ye.
J=1c..m

Moreover

5(E, Eh) — 0 as h— 0 and 5(E, Eh) ! C“(TF — TF,h)lE”L(Hl)

with
@ 0 denote as usual the gap between Hilbert subspaces
@ E is the continuous eigenspace spanned by {uj,..., Ujtm-1}
o Ej is its discrete counterpart spanned by {ujp, ..., Uirm_1.h}-

F. Bertrand - MINRES for eigenvalue problems 05.10.2022 22



Dual Problem

o dual problem: find A € R and o € H(div,2) with o # 0 such that for

some u € H3(Q) it holds

(o,7)+ (dive,divr) — (Vu,7)=0

V7T € H(div, Q)

—(o,VVv)+(Vu,Vv)=-\dive,v) VYve H;(Q)

t

L

t

)

f 14

PEP (0}

PEP (1)

PEMd {0}

PEMd (1)
PEMp (0}

PEMp (1)
FOSLS-RT (D)
FOSLS-RT (1)
FOSLS-BOM {0)
FOSLS-BDM (1)
FOSLS-CG (0)
FOSL5-CG (1)

@ corresponding matrix form

Convergence of A — Ay , eigenvalue 1

= 10° -
A B X\ _ 0 0) /x ;
B C y) D' 0/ \y b
- Rxs
. , 102 ; .
@ corresponding reduced symmetric form _f -
i Tl
1073 4 *3sa,
- —1 T ‘h-;"’;‘.:‘h.
Cy — ()\ + ].)BA B y lﬂ"‘fi ""-h;_;;{
@ Primal and dual problems are equivalent - i = |

Dimension of EVP
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Dual Problem

o dual problem: find A € R and o € H(div,2) with o # 0 such that for

some u € H3(Q) it holds

(o,7)+ (dive,divr) — (Vu,7)=0

V7T € H(div, Q)

—(o,VVv)+(Vu,Vv)=-\dive,v) VYve H;(Q)

t

L

t

)

f 14

PEP (0}

PEP (1)

PEMd {0}

PEMd (1)
PEMp (0}

PEMp (1)
FOSLS-RT (D)
FOSLS-RT (1)
FOSLS-BOM {0)
FOSLS-BDM (1)
FOSLS-CG (0)
FOSL5-CG (1)

@ corresponding matrix form

Convergence of A — Ay , eigenvalue 1

= 10° -
A B X\ _ 0 0) /x ;
B C y) D' 0/ \y b
- Rxs
. , 102 ; .
@ corresponding reduced symmetric form _f -
i Tl
1073 4 *3sa,
- —1 T ‘h-;"’;‘.:‘h.
Cy — ()\ + ].)BA B y lﬂ"‘fi ""-h;_;;{
@ Primal and dual problems are equivalent - i = |

Dimension of EVP
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A posteriori

We consider the following error estimator -
5 5 5 5 5 —&— Doerfler 1
nT = htlldives — AUh||L2(T) T hT||CU1“10h||L2(T)

Convergence of the first eigenvalue: |A — Aj|
2 2 .
+ 3 be (llon Qe + IV on nll22ey) o
ecoT 100;
which gives as usual the global estimator 10 |
10‘2-5 |
+ 2 5
e = Z nr 10_3_:
T
107%3
Reliability (up to higher order term) and efficiency e

102 103 10% 10° 106
Dimension of EVP
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The curl formulation

107
-1

F(r,v) = |7 — Vv|? + ||curle||® + || divT + f]|? | | =

-

100} -5 |
Ny

o find A € R and u € H}(Q2) with u # 0 such that for some
o € H(div,Q) N H(curl; Q) it holds

10-1 L

(o, 7)+ (dive,divr) + (curle, curlr) — (Vu, 7) = —A(u,divr) .-
—(o,Vv)+(Vu,Vv)=0

10-4 | 1 |
102 108 104 105 10"

M. Costabel. A coercive bilinear form

VT = H(dIV, Q) 8 H(CUI‘I; Q)7 S H(:)l (Q) for Maxwell's equations. J. Math.
Anal. Appl. 157(2) 1991, Pages 527-

(o, 7) + (dive,divr) + (curle, curlr) — (Vu,7) =0 o
— (0', V V) + (V u, V V) = —)\(dIV g, V) M. Costabel, M. Dauge. Maxwell

and Lamé Eigenvalues on Polyhedra.
Math. Methods Appl. Sci., 22(2-4),

V7 € H(div, Q) NH(curl; Q), v € H3(Q) 1099.
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» Laplace eigenvalue approximation with LSFEM
» Laplace eigenvalue approximation with DPG
» Vibration of elastic structures

» QOutlook and conclusions
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DPG eigenvalue approximation

» Ideal setting with Uy C U and Vopr = T(Up): find up € Up such that
b(up,v) =£4(v) Vv € Vopr.

» Practical setting with V}, C V/, discrete trial-to-test operator Tp and
Vopt.h = Th(Up). Define I : V — Vj, such that for all up € Up and all v € V

b(up,v—Tv) =0, |Nv]v < Cn|lv|v.

» Find up € Uy and 4 € V4, such that

{(e’:‘h, Vh)\/ —+ b(uh, Vh) — E(vh) ‘v’vh e Vj

b(Zh,&‘h) =5 Vz, € Up.

F. Bertrand - MINRES for eigenvalue problems 05.10.2022 28



DPG eigenvalue approximation

» U = Uy x Up, where Uy is a functional space defined on €2
» Hilbert pivot space H with Uy C H ~ H' C U]
» bilinear form m: H x V — C

Eigenvalue Problem
Find A € C and u = (uo,u1) € U= Uy x Uy with ug # 0 such that

b(u,v) = Am(up,v) Vv e V.

Corresponding solution operator: Tg : H — H such that Tgf € H is the component
ug of the solution u € U to

b(u,v) = m(f,v) VveV.
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DPG eigenvalue approximation

Consider Upp C Up and Uy, C Us.

Discrete eigenvalue Problem

Find A\, € C such that for some up = (uo.p, u1.p) € Up = Uy p X Uy p with ug p # 0 and
some €, € V} 1t holds

(e, vh)v + b(un, va) = Anm(uo.p, vi) Vvp € V4
b(Zh,&‘h) =if) Vzn € Up.

Matrix form:

F. Bertrand - MINRES for eigenvalue problems 05.10.2022 30



DPG eigenvalue approximation

discrete counterpart Trp:H — H of Tr

Tenf € Upp CH is the component up p € Up p of the solution uy € U of the following
problem, for some ¢, € Vj,

(h, vh)v + b(up, vp) = m(f,vy) Vv € V4
b(Zh,Eh) =i i R =l

Theorem (Babtiska—Osborn)

If
I(Te = Te)fllu < p(WIfln VEeH

with p(h) — 0 as h — 0, then the discrete eigenvalues and eigenfunctions converge to
the continuous ones.
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DPG eigenvalue approximation (primal formulation)

> Up = H}(Q), Uy = H7Y2(0Q4), H = HY(Q), V = HY(Qp)
b(u,6n;v) =(Vu,Vv)q, —(Gn v)aq, m(u,v)=(u,v)q,,

» for k > 1: Uno = S(I)((Qh) — Pk(Qh) N C(Q)
Uh,l = Pk—l(th) M Uy, Vi = Pk_|_1(Qh).

» D+G 2013:
lu = unll (@) + 1160 = Ghnll y-172(00,)
=0 @ Inf(w,,,f,,,,,)eu,,(||u - Wh||H1(Q) + [|6n — Fh,nl

H-1/2(6Q,))-

Uniform convergence, primal case
Let u belongs to H1T5(Q) for s € (1/2, k + 1]. Then,

(T — Tep)fllHr (@) < CP?|[f][H1(q)-

05.10.2022
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DPG eigenvalue approximation (primal formulation)

adjoint problem, see

given g € H, find €* € V and u* = (u*,5}) € U such that

((8*,W)V—|—(V U*,VW)Qh — <6':,W>th =0 VweV
 (Ve", V), = (g,v)q, Vv € Uo
\<7,>n7€*>89h =0 V7, € Us

quasi-optimal a priori estimate:

*

le™ = enllv + [lu" = uplluo + 1167 = G5 nlly

& inf e —0lly +||lu* = vy, + |6 -7
< o™ (1=l + = vl + 163 = ol
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DPG eigenvalue approximation (ultra weak)

DPG ultra weak formulation fits within the abstract setting

U= Uy x U, Ug=L*(Q)

Uy = [2(Q)2 x Hy?(0Q) x H™Y/2(6%2)
H = Uy

V = HY(Qp) x H(div; Qp)

N\

Bl O B0 Ve T} = (657 o, ={lhdiT o, (U750,
- (O',V V)Qh i <V7 3n>3Qh

m(u;v,T) = (u,v)q,,
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DPG eigenvalue approximation (ultra weak)

Uh = Pk(Qh) X Pk(Qh;Rz) X Sg+1(8ﬂh) X Pk(({?Qh)
Vi i= Pria(Qh) X Prio(Qp; R?)

with
SKF(O9) = 70(SET () N HA(R)).
A priori error analysis (Fiihrer, 2018)

lu = unlluy < CH*[|F]12(q)

= uniform convergence

F. Bertrand - MINRES for eigenvalue problems 05.10.2022




DPG eigenvalue approximation (ultra weak)

» Recall: find up, € Up and e, € V), such that

{(5h> Vh)v + b(up, vi) = U(vy) Yvh € Vp

b(zs,25) =0 Vz, € Up.

>

» Consider B, M : U — V'’ defined as

(Bu)(v) :=b(u,v) YueU,VvevV
(Mu)(v) := m(up,v) Yue U, Vv eV,

» global indicator
n = llenll = [AaMun — Buplly

» Efficiency and reliability up to higher order term Aug — Apug p.

F. Bertrand - MINRES for eigenvalue problems 05.10.2022 36



DPG eigenvalue approximation : numerical results

Q =0, 1]? L-shaped domain

exact solution: \; = 272, p = primal, u = ultra weak. reference values \; = 9.639723844871536
For bulk parameter 8 = 0.5

15#
—6—pk=1—F—pk=2—A—pk=3—06—pk=4 101 < —A—  primal adpative 0
—@—uk=0—4—uk=1—A—uk=2—4¢—uk=3 —A— primal adpative 7
101 —B— ultraweak adpative
100 —m— ultraweak adpative 7}
—— primal
g D [ —e— ultraweak
o 0 < 1071
|
zi‘_‘ 10—5 2"<_‘
1
0.67
10_8 10—3
10—11
10° 107 102 102 10° 104 10° 10° 107 108
s DoF
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DPG eigenvalue approximation : numerical results

Convergence rates for higher order elements
(p = primal, u= ultraweak)

102

—6o—pk=1—F—pk=2—2pk=3—0—pk=4
—@®—uk=0—m—uk=1—a&—uk=2—¢—uk=3
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DPG eigenvalue approximation : numerical results

Adaptive convergence rates for the L-shaped domain for higher order elements
(p= primal, u = ultraweak)

104

—6—pk=1—F3—pk=2—2—-pk=3—0—pk=4
—@®—uk=0—m—uk=1—4—uk=2—9 -uk=3

16% 10° o5 10° 10°
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DPG eigenvalue approximation

B . n
Efficiency-ratio: T
DoF Efficiency-ratio || DoF Efficiency-ratio
L-shaped Slit
120 7.759 160 8.406
290 7.557 375 8.218
535 ¥l 18 755 8.852
1145 8.914 1365 10.191
2005 9.064 2390 11.435
3875 9.290 4330 12,757
6765 9.714 7490 14.161
12565 | 9.843 13390 | 16.884
23075 | 9.471 28020 | 17.Fl3
43055 | 10.200 41345 | 18.275
79080 | 9.998 72360 | 17.590
140000 | 9.258 124155 | 14.341
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» Laplace eigenvalue approximation with LSFEM
» Laplace eigenvalue approximation with DPG
» Vibration of elastic structures

» QOutlook and conclusions
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Vibration of elastic structures

» Polytopal domain Q € R? (d =2,3), 90Q =Tp U Ty
find d-by-d stress tensor o and a displacement u such that

Ao —g(u) =0 inQ

1 A
dive = —f in Q  with AT = o (7‘ "2t d tI‘(T)!)

u=2~0 on [p

on=20 on [y,
» Cai/Starke 2004
F(r,v;f) = | Ao — g(u)|[§ + || div o + f|[§
» Three-field formulation

G(r,v,:f) = | AT — Vv + (=1)"xol[§ + || div e + fl|g + [l as T3
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Vibration of elastic structures

» two-field formulation

find w € C such that for a non vanishing u € Hg ,(2)¢ and for some o € Xy

{(.Aa, A7) + (dive,divt) — (A1, g(u)) = —w(u,div )
— (Ao, g(v) + (g(u),g(v)) =0

for all 7 € Xy and v € Hj (2)? holds.
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Vibration of elastic structures

» three-field formulation

find w € C such that for a non vanishing u € Hj ,(2)? and for some o € Xy and
P € [?(Q) it holds

(Ao, A1) + (diveo,div 1) + (as(o), as(7))
— (A1, e(u)) + (-1D)¥AT, x¥) = —w(u,divr) V7 e Xy
~ (Ao, g(v) + (), e(v)) = (-1)*(x%,Vv) =0 v € Hy p(R)°
(=1)Y(Ac, xe) — (—1)(xp, Vu) + (x¥, xp) =0 Vo € L*(Q).
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Vibration of elastic structures

» Numerical results on the unit square w = 52.344691168

Eigenvalues, two-field formulation, ¥, = RT1, U, = P5
N=4 N =6 N =8 N = 10 N=12
C 52.618734 52.4006090 (3.9) 52.362201 (4.0) 52.351749 (4.1) 52.348048 (4.1)
R 54.132043 52.751624 (3.7) 52.480276 (3.8) 52.401472 (3.9) 52.372369 (3.9)
N 52.744208 52.435687 (3.6) 52.368139 (4.7) 52.354017 (4.1) 52.349733 (3.4)

Eigenvalues, three-field formulation, X, = RTi, Uy, = P§, &, = P{
N =4 N = 6 (rate) N = 8 (rate) N = 10 (rate) N = 12 (rate)

C 52523637 52.377459 (4.2) 52.3538590 (4.4) 52.348025 (4.5) 52.346144 (4.6)
R 53.712047 52.621373 (3.9) 52.426543 (4.2) 52.375437 (4.4) 52.358317 (4.5)
N 52.630390 52.398013 (4.1) 52.355912 (5.4) 52.348310 (5.1) 52.347239 (1.9)
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Vibration of elastic structures

» Numerical results on the unit square

First five eigenvalues, three-field scheme, non-structured mesh for 10-th refinement

Value

52.348309870785620

02.163865261631784 — 0.000422328750065i
02.163865261631784 + 0.000422328750065/
128.2902654382040

154.3710922938166

11-th refinement w = 52.344691168

U'I-bwl\)l—‘:ﬂ:

Value
52.346475661045424
02.147313995882541
02.151062887227738

128.2536615472890
154.2967136612170

(ﬂ-bwl\)l—‘:H:
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Vibration of elastic structures

» Numerical results on the L-shaped domain

Overkill solution: w = 32.13269464746.

Eigenvalues, two-field formulation, 2 = RTy, Up = P5

Mesh | N=4| N=8(rate) | N=16(rate) | N =32 (rate)
Uniform | 35.606285 | 31.937374 (4.2) | 31.871123 (-0.4) | 31.983573 (0.8)

Eigenvalues, three-field formulation, ¥, = RTy, U, = PS, &, = P¢

Mesh | N=4| N =28 (rate) | N =16 (rate) | N =32 (rate)
Uniform | 34132843 | 31.491151 (1.6) | 31677105 (0.5) | 31.888816 (0.9)
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Vibration of elastic structures

» Numerical results on the L-shaped domain

Overkill solution: w = 32.13269464746.

Eigenvalues, three-field scheme, N = 8

£ Value
38 339.9524318713583
39 346.0018703851194

40 | 350.8454478342160 — 2.5574107928386i
41 | 350.8454478342160 + 2.5574107928386/
42 359.0078935078376
43 378.8779264703741
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Vibration of elastic structures

» Crucial role of the mesh structure (two-field, non-robust)
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(c) A= 10" (d) x=10% (c) A =10% (d) A= 108

Eigenvalues of a square on a refined Crossed mesh Eigenvalues of a square on a refined Nonuniform mesh
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