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Model problem: Mixed Poisson equation with Dirichlet BC

Poisson problem in mixed form

qg+Vu = 0 in Q,
V-q = f in Q,
u = up on 0.

Mixed continuous variational formulation
Find (g, u) € H(div,Q) x L2(Q), such that:

(g,p)o— (V- p,u)o = —(up,p-n) Vpe H(div,Q)
(V-q,v)o = (f,v)o Vv e L?(Q)
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-
The Brezzi-Douglas-Marini (BDM) finite element pair

Conforming mixed discrete variational formulation

Find (qp, up) € Hp x Vi, C H(div, Q) x L?(), such that:

(gn:Pr)o — (V- pp,up)o = —(up,py-n) Vp,<H,
(V-apvh)o = (fvh)o Vv, e Vi

A priori estimate [Brezzi et al., 1985-87]: For p > 2, let

Hy = Py(Tr) N H(div,Q) and V), = Pp_1(T4). If u is sufficiently regular, then:
o [lu—upllo < hP
° g —gpllo < hP*
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Stenberg's superconvergent postprocessing method

Let HI(K) := {v € HY(K) : (v,1)x = 0} and P*(K) := P,(K) N H}(K), r € N.

Local postprocessing method (LP)

Find 4y € Ppy1(7h), such that (on each K € Tp):

/VU,,-Vvhdx = —/qh‘Vvth VthP;+1(K)
K K

/Uhdx = /uhdx
K K

A priori estimate [Stenberg, 1991]: If u is sufficiently regular, then:
o [V(u—1n)l7 SHTH (S hifp=1and f ¢ Pp1(Th))

\.

~

o llu—Thllo S W2 (S K2, if p=1and f & Ppi(Th))
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Qutline

@ The residual minimization based postprocessing method
© A posteriori error estimates

© Numerical examples
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The residual minimization based postprocessing method

The superconvergent residual minimization method

Residual minimization method

Find v, € Ppy1(Th), such that (on each K € Tp):

1
Uhlk == argmin = |lq, + Vwk|?2, and /uhdx:/ up dx,
Wk E€Pps1(K) 2 ’ K K

where

(-, Vvk)k
|- llek = sup  H=——7
weepr k) IVvkllk
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The residual minimization based postprocessing method

The superconvergent residual minimization method

Equivalent saddle-point problem (SP)
Find (en,vn) € Ppia(K) X Ppr1(K), such that (on each K € Tp):

/Vhdx:/uhdxand
K K

/Vsh~Vdex +/Vz/h-Vdex:—/qh-Vdex VVKEP;+2(K),
K K K

d/" Vwg - Ve, dx =0 YV wyk 65732*71(/().
K

\.

Obs: As a consequence of the above equivalence, we have that v, = uj,.
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The residual minimization based postprocessing method

A computable equivalent formulation

Find (gh, €%, vn, 12) € Ppio(Th) X Po(Th) X Ppi1(Th) X Po(Th), such that (on each K € Tp):

(Ven, Vvi)k + (€5, vi)k + (Vom, Vi )k + (1), vi)k = —(@h, Vvik)o ¥ vk € Ppra(K),
(eh, ViR)K + (v, vR)K = (Um VR K Vv € Po(K),
(VWK,VE/,)K-"-(W;@E%)K =0 VWKEPp+1(K),
(Wl en)k =0 Ywl € Po(K).

° 52,1/2 are Lagrange multiplier variables
@ vy is the MinRes/Stenberg's postprocessing

@ ¢, is a residual representative

Obs: ||Vep||k is a fully localizable (residual) a posteriori estimator!
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On PDE independence

If we try to get an upper bound for ||g — q,]|o (reliability estimate), the term
V-(qg—q)and as or will appear in the proof.

In our case, Poisson equation, we have V- (q — q,) = f — Qﬁ_lf, but for a more
general PDE
q+Vu =0

—Au+Ru=f — ,
V-q+Ru =f

weget V-(q—qy)=f—Rvy—V-q,—R(u—up).

1/2
To avoid the V - (g — q},), we will control (ZKeTh Il - ||§K) instead of || - ||o.

If we allow the above as part of an improved estimator, it is enough
to control ||V(u — vp)||7;, since g — q, = =V (u —vp) —
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The residual minimization based postprocessing method

Further assumptions

Assumption (Fortin condition)

Let vk : HY(K) — L2(0K) denote the continuous Dirichlet trace operator. There
exists Mok - Yk (H(K)) — vk ( 5+2(K)) and Cn > 0, indep. of h, such that:

IMokvllox < Cnllvkllok Yk € vk (HE(K)),
(pp, - n, vik — Mok vk)ok = 0 Vp, € Hp, Yvk € vk (HX(K)).

Assumption (Saturation)

Let (e, vh) € Vfng X Vﬁ“ solve (SP) and 6, € ij;z solve (LP). There exists a
real number ¢ € [0, 1), uniform with respect to h, such that

IV (u = 0n)ll7; < 6lIV(u—vn)l7-
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A posteriori error estimates

A posteriori error estimates based on the error representative ¢y,

o (Local Efficiency) It holds:
IVenllk S lla = apllsin +IV(u—va)llc VK €T

o (Reliability) Under a saturation assumption [Calo, Ern, Muga, Rojas, 2020],

it holds:
1q — qpllen + V(= vi)ll7, S [IVenll7, +osc(q),
with
o [lg—aul2 =" la—asl? xp lla—aul2kp=la—anl? x+hxll(a—ay)nldx,
KeTh
n,v—TI
° OSC(q)2 = Z OSCK(Q)2, OSCK(q) = h}</2 sup <q n,v 0KV>3K
KETh vEL2(0K)\{0} [vilox

Obs: osck(q) S m!* inf [[(@ = py) - nllox-
pyEH,
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A posteriori error estimates

An improved a posteriori error estimator

1 _ -
i = |Venllic + llan + Vonllie + 5 2 et lDlllE + Y hetllun — il
FeFj FeFy

@ (Local Efficiency) It holds:
nk S 19— qullokn+lu—vhlikn VK ETh

@ (Reliability) Under a saturation assumption [Calo, Ern, Muga, Rojas, 2020], it holds:
g — @qpllo,n + lu = vall1,n < m+osc(q),

with

° |q— thlﬁ,h = Z lq — qh||(2),K,hr g — qh”%,K,h:: g — %H%ﬁ‘hKH(q - %)'"”%K,
KeTh

o [lu—vhl = lu—wnlf s [u—val} o p =V (u = va)llk+ D et Ilu = valll7 -
KeTh FeFk
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Numerical examples

Smooth diffusion problem: Poisson equation in a unit square domain

Exact Solution

Poisson equation

—Au="f in Q,

U= ueg onl.

Exact solution
Uex (X1, x2) 1= x1(1 — x1) sin(7x2)
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Numerical examples

Smooth diffusion problem (uniform mesh refinements)

Increment in order of convergence

Relative L? — error
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Numerical examples

Smooth diffusion problem (uniform mesh refinements)

eff .=

Effectivity index

IVenllTs

g = anllsp + IV (u = vi)ll7
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L-shaped diffusion problem

Exact Solution

Diffusion equation

—Au=f in Q,
U= Uex on 0.

Exact solution

Uex(r,0) == ri sin (3(x — 0))
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Numerical examples

L-shaped diffusion problem (adaptive mesh refinements)

Increment in order of convergence
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Numerical examples

L-shaped diffusion problem (adaptive mesh refinements)

Initial (Nel = 96) 5th iteration (Nel = 156) 10" iteration (Nel = 207)
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Numerical examples

L-shaped diffusion problem (adaptive mesh refinements)
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Numerical examples

Diffusion-advection problem

Diffusion-advection problem in mixed form

q+eVu=0 inQ,
V.g—elb-gq=f inQ,
u=up onl :=0Q.
Conforming mixed discrete variational formulation

Find (qp, up) € Hy x V, C H(div, Q) x L?(Q), such that:

e Nanpp)o— (V- ppup)o = —(up,pp-n) Vp, € Hy,
(V' qh—e_1b~qh,vh)0 = (f, Vh)O Yvp, € V.

e We can consider —¢ *(qy,, Vwy)o as the RHS of the postprocess
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Numerical examples

Advection dominated diffusion-advection problem

I 0

Diffusion-advection equation
{—eAu-l—b-Vu:O in Q,

U= Ue onl.

Exact solution

Pe =¢1,
. ePeX1 -1 ePex2 -1
Uex(x1,%2) 1= { X1+ T ——p | e+ T ope
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Numerical examples

Diffusion-advection problem (adaptive mesh refinements)

Increment in order of convergence
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Numerical examples

Diffusion-advection problem (adaptive mesh refinements)

Initial (Nel = 32) 5t jteration (Nel = 196) 10" iteration (Nel = 887)
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Numerical examples

Diffusion-advection problem (adaptive mesh refinements)

Relative estimator
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Numerical examples

Conclusions

@ We propose a residual minimization based local postprocessing for a class of
mixed methods

o |t delivers a superconvergent approximation together with a residual
representative that can be use to drive adaptivity automatically

@ When used as a posteriori estimator, it can recover the optimal convergence
rates expected for the superconvergent solution

@ It is independent of the PDE

@ It is cheap (cost-free) and easy to implement

25/26



Numerical examples
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