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Extension of practical DPG to Lq(q ≥ 2)

Let q ≥ 2 and q∗ = q/(q − 1). We denote the trial and test spaces by U(q) and
V(q∗) . b : U(q) × V(q∗) is bilinear and ℓ ∈ V(q∗) ′.

CONTINUOUS PROBLEM: Find u ∈ U(q) such that for all v ∈ V(q∗)

b(u, v) = ℓ(v). B
(q,q∗) u = ℓ

Finite-dimensional subspace Uh ⊂ U(q) of dimension Nh.

DISCRETE PROBLEM: Find uh ∈ Uh such that

b(uh, vh) = ℓ(vh), (B(q,q∗) uh)|Vh = ℓ|Vh

for all vh ∈ Vh, where Vh ⊂ V(q∗) is of dimension Nh and guarantees stability.

USING POLYDPG TO SIMULATE NONLINEAR MECHANICS OF ELASTOMERS Jaime Mora Paz



DPG in Lq (q ≥ 2) Finite elastostatics Formulations Practical application Conclusions

Extension of practical DPG to Lq(q ≥ 2)

Bounded domain ⇒ U(q) ↪→ U(2),V(2) η(q∗)

↪−−−→ V(q∗) .

Enriched test space of dim Nr ≥ Nh is chosen s.t. Vr ι
↪−→ V(2) , hence

Vr η(q∗) ◦ ι
↪−−−−−→ V(q∗) .

Let RVr : Vr → Vr ′ be the Riesz map of Vr with the V(2) inner product.
Practical trial-to-test mapping Tr : U → Vr defined by

Tr := R−1
Vr ◦ ιT ◦ η(q

∗) T ◦B(q,q∗) ,

vh = Trwh ∈ Vr ⊂ V(2) ⇐⇒ (vh, δv
r)V(2) = b(wh, δv

r) ∀δvr ∈ Vr

Thus, we define the test space Vh by

Vh := Tr(Uh) ⊂ Vr ⊂ V(2) ⊂ V(q∗)
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Assumptions to prove stability
• The linear operator B(q,q∗) : U(q) → V(q∗) ′ associated to the bilinear

form b is continuous, i.e., there is a constant M (q∗) > 0 such that

∥B(q,q∗) u∥V(q∗) ′ = sup
v∈V(q∗)

|b(u, v)|
∥v∥V(q∗)

≤ M (q∗)∥u∥U(q) , ∀u ∈ U
(q).

• There exists a constant γ > 0 satisfying

ı́nf
u∈U(q)

sup
v∈V(q∗)

|b(u, v)|
∥u∥U(q)∥v∥V(q∗)

= γ.

• There exists a Fortin operator Π
(q∗)
F : V(q∗) → Vr with the following two

properties{
b(uh, v−Π

(q∗)
F v) = 0 ∀v ∈ V(q∗) , uh ∈ Uh (orthogonality),

∥Π(q∗)
F v∥V(q∗) ≤ C

(q∗)
F ∥v∥V(q∗) ∀v ∈ V(q∗) (continuity).

In conjunction with some inverse estimates for the enriched test space, and
some usual tricks for conforming spaces, we can show stability for the discrete
problem.
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Finite elastostatics

Elastic body: ∃ a response function K : Ω×M+ → M s.t.
P(X) = K(X,F(X))

Hyperelasticity: there exists a stored energy density W̃ : Ω×M+ → R s.t.

[K(X,F)]iJ := ∂W̃
∂FiJ

(X,F).

Hyperelasticity + MFI + Isotropy: ∃Ẁ : Ω× (0,∞)3 → R satisfying

W̃(·,F) = Ẁ(·, λ1, λ2, λ3).

Behavior at large strain W̃(·,F) → +∞ as detF → 0+ , F ∈ M+.

Coerciveness W̃(X,F) ≥ α (|F|p + |CofF|q + | detF|r) + β.

Polyconvexity: ∃ a convex function W : Ω×M×M× (0,+∞) s.t. ∀F ∈ M+,

W̃(·,F) = W(·,F,CofF, detF).

Elasticity tensor: A(F) = ∂2W̃
∂F ∂F

(F), AiIjJ = AjJiI .

Strong ellipticity (Legendre-Hadamard): q̃iqI [A(F)]iIjJ q̃jqJ > 0
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Nonlinear problem
From the first principles and the definitions above we get:

General form 

−DivP = ρ0f0 in Ω,
P−K(I+D) = 0 in Ω,
D−Gradu = 0 in Ω,

u = ubc on Γu,
Pn = tbc on Γt.

Reduced form 
−DivK(I+Gradu) = ρ0f0 in Ω,

u = ubc on Γu,
K(I+Gradu)n = tbc on Γt.

Energy minimization principle

J (v) =

∫
Ω

W̃(X, I+Gradv(X)) dX −
∫
Ω

ρ0f0 · v dX −
∫
Γt

tbc · v dA.
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Theorem (Global existence of minimizers1)
Let Ω ⊂ R3 be a bounded domain, and let W̃ : Ω×M+ have the properties:

(a) Polyconvexity

(b) Behavior as det F → 0+

(c) Coerciveness

Let boundary Γ = ∂Ω be partitioned into Γu and Γt with meas(Γu) > 0. Let
φbc : Γu → R3 be a measurable function such that the set of kinematically
admissible motions:

Φ := {ψ ∈ W 1,p(Ω;R3) : Cof(Gradψ) ∈ Lq(Ω;M), det(Gradψ) ∈ Lr(Ω),

ψ = φbc a.e. on Γu, detGradψ > 0 a.e. in Ω}

is non-empty. Let θ and σ be selected s.t., for f0 ∈ Lθ(Ω;R3) and tbc ∈ Lσ(Γt;R3),

l : W 1,p(Ω;R3) ∋ ψ → l(ψ) :=

∫
Ω
ρ0f0 ·ψ +

∫
Γt

tbc ·ψ

is continuous. Then, there exists φ ∈ Φ minimizing the total energy J .
1
Ciarlet, P. (1993). Mathematical elasticity. Vol. 1. Three-dimensional elasticity. NorthHolland.
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Local existence and uniqueness: Inverse Function Theorem
Assumptions

• The material is hyperelastic and the response function K is smooth in X and F.

• The boundary ∂Ω is C1.

• Γu is nonempty and equals one or more connected components of ∂Ω.

• φ0 : Ω → R3 is a regular deformation (C3) and A at φ0 is strongly elliptic.

• The linearized equations at φ0 have a unique solution.

Let X = W s,p(Ω;R3) and
Y = W s−2,p(Ω;R3)×W s−1/p,p(Γu;R3)×W s−1−1/p,p(Γσ ;R3). Let C ⊂ X be the
set of regular deformations. Define F : C → Y by

F(φ) =
(
−DivK(Gradφ),φ|Γu , (K(Gradφ)n)|Γσ

)
.

Theorem (Local existence and uniqueness of solutions 2)
Make the assumptions (i)-(v) above and assume that s > 3/p+ 1 (1 < p < ∞). Then
there are neighborhoods U of φ0 in X and Z of F(φ0), such that F : U → Z is
one-to-one and onto.

2
Marsden, J. E. and Hughes, T. J. (1994). Mathematical foundations of elasticity. Dover.
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Linearization
Linearized general form
The group variable is u0 = (u,P,D) and the linearized system, that solves for
δu0 = (δu, δP, δD), reads

−Div δP = ρ0f0 +Div P[k] in Ω,

δP− A(I+D[k])︸ ︷︷ ︸
A[k]

: δD = −P[k] +K(I+D[k])︸ ︷︷ ︸
K[k]

in Ω,

δD−Grad δu = −D[k] +Gradu[k] in Ω,

δu = ubc − u[k] on Γu,

δPn = tbc − (P[k])n on Γt.

Linearized reduced form
This linearized system seeks for the increment δu satisfying

−Div
(
A(I+Gradu[k]) : Grad δu

)
= ρ0f0 +DivK(I+Gradu[k]) in Ω,

δu = ubc − u[k] on Γu,(
A(I+Gradu[k]) : Grad δu

)
n = tbc −K(I+Gradu[k])n on Γt.
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Variational formulation for the linearized BVP in Lq(q > 3){
Find (δu0, δû) ∈ U0 × Û such that

b
[k]
0 (δu0, v) + b̂[k](δû, v) = ℓ

[k]
Th

(v) ∀v ∈ V

Broken Ultraweak Variational Formulation

(δu0 , δû) = (δu, δP, δD , δû, δt̂)

U0 × Û = Lq(Ω) × W
1−1/q,q
Γu

(∂Th;R3)×W
−1/q,q
Γt

(∂Th;R3)

v = (v, τ ,χ)

V = W 1,q∗ (Th;R3)×W q∗ (Div, Th;R3)× Lq∗ (Ω;M)

b
[k]
0 (δu0, v) = (δu , Div τ )Th

+ (δP , Gradv + χ)Th
+ (δD , τ − A[k] : χ)Th

b̂[k](δû, v) = −⟨δt̂, trGrad
Th

v⟩∂Th
− ⟨δû, trDiv

Th
τ ⟩∂Th

ℓ
[k]
Th

(v) = (ρ0f0 , v)Th
− (D[k] , τ )Th

+ ⟨t̂[k] , trGrad
Th

v⟩Γt + (−P[k] +K[k] , χ)Th

−(P[k] , Gradv)Th
− (u[k] , Div τ )Th

+ ⟨û[k] , trDiv
Th
τ ⟩Γu

Well-posedness. Assume smooth boundary, Γu = ∂Ω and that A is strongly elliptic
with C0 entries. Check conditions on b̂[k](δû, v) for broken test spaces.

PRIMAL ⇒ STRONG ⇒ ULTRAWEAK ⇒ BROKEN PRIMAL, BROKEN UW
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(δu0 , δû) = (δu, δP, δD , δû, δt̂)
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Problem setup
Length unit: mm. Stress unit: MPa. Domain is the unit cube with 15 spherical voids.

Ẁ(λ1, λ2, λ3) =
M∑
i=1

ai

γi
(λ

γi
1 +λ

γi
2 +λ

γi
3 )+

N∑
j=1

bj

δj
[(λ2λ3)

δj+(λ3λ1)
δj+(λ1λ2)

δj ]+Gvol(λ1λ2λ3).

The volumetric term, with K = 103, is

Gvol(J) =
1

2
K

[
1

2
(J2 − 1)− log J

]
.

The Ogden model parameters are3:

M = 2, a1 = 1,3, γ1 = 0,006, a2 = 5, γ2 = 1,2,

N = 1, b1 = 2, δ1 = 0,01.
3
Marckmann, G. and Verron, E. (2006). Rubber chemistry and technology, 79(5):835–858.
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Implementation details
Let F have the following singular value decomposition (SVD)

F = I+D = I+Gradu

= Q̃ΛQT =
∑
α

q̃α λα qT
α.

We use Λ to eval energy Ẁ, stress and elasticity tensor

K(F) = Q̃K(Λ)QT. kα =
∂Ẁ
∂λα

(λ1, λ2, λ3),

for α = 1, 2, 3.

AiIjJ (F) = FiKFjLCIJKL(F
TF) + [S(FTF)]IJδij .

CIJKL =
∑
α

∑
β

∂sα

∂eβ
(qα)I(qα)J (qβ)K(qβ)L

+
1

2

∑
α̸=β

(
sβ − sα

eβ − eα

)[
(qα)I(qβ)J (qα)K(qβ)L + (qα)I(qβ)J (qβ)K(qα)L

]
,
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Implementation details
Homogeneous numerical integration for polyhedra: Let K be a polyhedron with faces
{Fj}, g : RN → R be homogeneous of degree k.∫

K

g(x) dx =
∑

Fj⊂∂K

bj

N + k

∫
Fj

g(x) dA bj = nj · xj,0.

Consider term (δD , τ −A[k] : χ)Th
. Although u[k] and v are polynomials, A[k] is not.

This works perfectly for lowest order ({λ} are constant, therefore A[k] is constant.).
Nonlinear Solver: Modif. Newton with load stepping. We assemble with OpenMP,
factorize and solve with MUMPS. Line search and BFGS updates are optional.
Line search

u[k+1] = s[k]δu + u[k].

Step length s[k] is determined by finding a zero of the scalar function

G[k](s) = δd · l(s, δu).

BFGS (Broyden, Fletcher, Goldfarb and Shanno) updates

(B̃
[k+1]
n-opt )

−1 := (I+ wvT)T(B
[k]
n-opt)

−1(I+ wvT).
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Results
Methods to solve linearized problem:

• Bubnov–Galerkin: δuh,vh ∈ (Pp
c (Th))3.

• Ultraweak (UW) DPG, p-enrichment with fixed dp = 2.

• PolyDPG with continuous traces, variable p-enrichment.

Uh︸︷︷︸
δuh

= (Pp−1
d (Th))3︸ ︷︷ ︸

δuh

× (Pp−1
d (Th))3×3︸ ︷︷ ︸

δPh

× (Pp−1
d (Th))3×3︸ ︷︷ ︸

δDh

× (Pp
c (∂Th))3︸ ︷︷ ︸
δûh

× (Pp−1
d (∂Th))3︸ ︷︷ ︸

δt̂h

.

Vr︸︷︷︸
vr

= (Pp+dp
d (Th))3︸ ︷︷ ︸

vr

× (RT p+dp
d (Th))3︸ ︷︷ ︸

τr

×L2(Ω;M)︸ ︷︷ ︸
χ

Mesh Method p DOF
System

size
Line
search

Converged
steps

Load step
size

Final
load

7,453 BG 1 6,036 5,784 Yes 10 0.002 2 %
7,453 UW DPG 1 353,457 46,359 No 6 0.004 2.4 %
7,453

(aggl.)
PolyDPG 1 106,854 21,369 No 26 0.02 52 %
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Results with agglomerated elements

(a) 0% load (b) 16% load

(c) 34% load (d) 52% load
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Results with agglomerated elements

Solution plots at the maximum deformation: (top) displacement trace ûh; (bottom)
traction t̂h.
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Results with agglomerated elements

Solution plot of the Jacobian at the maximum deformation (52% load).
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Conclusions

• We have introduced new formulations and DPG discretizations for
the linearized equations of elastostatics.

• We have studied a practical application of the new discretization.

• We have shown that the new formulation combined with polyhedral
elements can reach larger deformations than other methods.

Ongoing and future work

• Implement other options for the nonlinear solver, especially one that
can exploit the MPI implementation of hp3d to enable the solution
of large nonlinear problems.

• Extend the present work to the simulation of a elastomeric syntactic
foam, by adding glass microballoons to the problem setup.
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THANK YOU FOR YOUR ATTENTION!
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