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Background

@ Discontinuous Petrov-Galerkin schemes with optimal functions.
o Inbuilt error estimator
e Polynomial representation of inbuilt error estimator.
@ Adaptive Schemes
o Reduce discretization error
e Accurate solution on coarse meshes
o Faster convergence to asymptotic rates

[1] Demkowicz and Gopalakrishnan, 2011, Numerical Methods for Partial Differential Equations
[2] Demkowicz and Gopalakrishnan, 2010, Computer Methods in Applied Mechanics and Engineering
[3] Demkowicz and Heuer, 2013, SIAM Journal on Numerical Analysis
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Mesh-Metric Duality

Metric-Ellipse correspondence:

Z::{wERz:wTngl}

Ellipse-Triangle correspondence

A mesh element is unit with respect to a metric field if each of its edge satisfies the following condition

leil g = ef Me; =C, i=1,2,3
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Mesh-Metric Duality

cos(Or1) —sin(GM)]T [a/\/u 0 ] [cos(QM) —sin(0)
sin(O ) cos(O ) 0 amz| |sin(Gam) cos(On1)

1
M1 = B2 M2 = 72
1 2

@ For C' = 3, the area of the triangle is related to ellipse by,

o] = 3V3, . 3V3
M| = ——hahy = Tdny
@ We define aspect ratio of the element as
ha
Bm = Ty

@ The triangle is described by dq, Baq, Oaq
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Optimization Goal

@ Optimize Baq and O by locally minimizing an error estimate.

@ We can still have set of similar triangles with same anisotropy.

g <]

@ djq is computed in a second optimization step.
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Higher Order Error Model

DPG methods with optimal test functions have an inbuilt error estimator:
1T = Unllz0, = 1£Un = Ulg 0, = 10, D)0, = D 10,75,

KETH

For scalar convection-diffusion problem with ultra-weak formulation [4], V € H'(€},) and
T € H(div; Q).

(o, D5, = / (v(@))” +7(2) - 7(@) + [k|(Vo(z) - Vo(@) + (V- 7(2))?)) de

Eh-(il:)

Let the order of approximation for field variables be P and P + 6P for test space. Then e, (x) is a
polynomial of order 2(P + 6 P).

2(P+6P)
ex(@) = > P z(x)
i—0 N——

Yizo (=)' (y—5)"""
[4] Demkowicz et al., 2012, Applied Numerical Mathematics
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Higher Order Error Model

For a polynomial P; z(x) = Zf:o ale—z)'(y — )" we have [5]:

Pra(@)] < A (% — )7 QD Qo (& — )

[5] Dolejsi, 2014, Applied Numerical Mathematics
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Higher Order Error Model

2(P+5P) .

/ ex(x) de < / ex(x)de < Z / Aii (2 —2)7Q4, Dy, Qu, " (x — ))? da

® Bx i=0,iezt, ” Er
_ N cos(f
T — &= QouSpmT =1Q0,uSum |:sin((9)):|
Using polar coordinates, we have
2(P+6P) A\ EE e .
/en(:c) de < / ex(x)de < “76/ (9i(8; Brts dm — ¢i))% do
® B i—0iest, 2 0

The anisotropic properties {8, oA} are set by locally minimizing the error bound [6].
[6] Dolejsi et al., 2019, SIAM Journal on Scientific Computing
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Analytic Optimization (H adaptation)
Analytic Optimization (H adaptation)
Assumption [7, 8]:

i~ Aglk

Error density function [7] :

eq = A (1{3) ea(x) = A(z) (43d\(/j)>

At asymptotic limit

=S ealwn)lk| > /Qed(w) da

kETh

— 2
For Goal oriented adaptation 1, = 7 - 5 ([9, 10])and nqo ~ O(hP*!). Also A(xy) = lk‘"ﬁ
[7] Dolejsi et al., 2017, Computers and Mathematics with Applications [8] Venditti and Darmofal, 2003, Journal

of Computational Physics [9] Demkowicz and Gopalakrishnan, 2011, SIAM Journal on Numerical Analysis [10]
Keith et al., 2019, SIAM Journal on Numerical Analysis
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Analytic Optimization (H adaptation)
Analytic Optimization (H adaptation)
Problem

Let N be the desired complexity and eq(x) be the error density. We seek a mesh density distribution
d(z) : Q — RY such that:

(a) N = [, d(x) dx.
(b) E = [, ea(z) dx is minimized.

/Q(Sd(:c) de =0

SE = —(p+ l)a(p+1)/ Ax)d(z)" P Psdde  where 3V3
Q

A(z)d(z)” " = const.
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Analytic Optimization (H adaptation)

Hence again using the constraint, we obtain
- 1 N
T ) P S
2
fQ A(z) 7 da
On substituting the expression for K, we obtain the expression for the optimal density.

NA( )ﬁ

A () = —
fQ (p+2) dx
2 =)
x n Ny,
Azy) = ‘k|pk+2 d* () =
(P+2)
2 ol
S
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Analytic Optimization (HP adaptation)

@ Two step process:

e Polynomial order selection.
o Density computation.
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Analytic Optimization (HP adaptation)

@ Polynomial selection

72,
o Epk+i pk*"“N _
Mpy+i = T Pr+1

Pk

uh u,,
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Analytic Optimization (HP adaptation)

Analytic Optimization (HP adaptation)

Problem

Let N be the desired complexity in terms of degrees of freedom and e(x,p(x)) be the error density. We
seek a mesh density distribution d(x) : @ — R for a given polynomial p(x) : Q@ — Z* such that:

(a) N = [, w(z)d(x)de.

(b) E = |, e(d(x),p(x)) de is minimized.

@ Density optimization.

@ Local DOF modification.

o w(x) = HpEELEE@ID
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Analytic Optimization (HP adaptation)
Density Optimization:

SN = | w(x)dd(x)dx =0
Q

OFE = | —(p(x) + 1)aPCITDA(x)d= P2 54 dx, (1)
Q

(p(z) + 1) A(x)

(@) d(z)"P®*D = K = const.

d*(:c) _ (W) (p(=)+2) K*m
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Scalar Boundary Layer

@ Viscous linear equation with source

V- (Bu) — eAu = s(x) xe=(0,1)°
u(x) =0 x € 02

where 3 is [1, l]T.

@ Source term s(x) is chosen in such a way that the exact solution is given by:

u(x) = H (% n e —11>

i} 1—e«
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Numerical results

Scalar Boundary Layer

Un
9.380e-01

EOJOSS

Z0.469

EO.ZBAS
01.547e-06

(a) (b)

Figure: Boundary layer: (a) solution contour on an adapted mesh and (b) polynomial distribution on the same
adapted mesh with ¢ = 0.005 with 6980 degrees of freedom.
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Numerical results

Scalar Boundary Layer

Adaptation | Ne | lu—unllyq | U= Unllgg
0 512 | 0.0262192 0.0514999
2 437 | 0.000289966 | 0.00218748
4 463 | 6.05824e-06 | 4.77721e-05
6 484 | 3.65609e-06 | 3.09974e-05
8 489 | 2.02129e-06 | 1.86422e-05

Table: Adaptation Vs. error for constant complexity using scaled V-norm

(e=0.005, p =3, N = [, d(x)dx = 512.0 x 23).
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Numerical results

Scalar Boundary Layer
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Figure: Convergence plots of (a) L error in u;, and (b) energy norm using scaled V-norm with ¢ = 0.005.
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Numerical results

Scalar Boundary Layer
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Figure: Convergence plots of (a) L? error in uy, and (b) energy norm using scaled V-norm with different initial

polynomial distributions (¢ = 0.005).
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Numerical results

Scalar Boundary Layer
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Figure: Convergence plots of (a) L? error in uy, and (b) energy norm using scaled V-norm with different initial
mesh (e = 0.005).
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L-Shaped Domain

—Viu=s(x) x€Q=[-1,1*\1[0,1] x [~1,0]
U =gp x € 90
Source term s(x) is chosen in such a way that the exact solution is given by:

2 2
u(x) =r3sin (39) where 0 =tan™! (1:2)

r
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Numerical results

L-Shaped Domain
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Figure: Polynomial Distribution
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L-Shaped Domain
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Figure: Convergence plots of (a) L? error in u; and (b) energy norm using scaled V-norm.
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Goal Oriented Adaptation : Scalar Boundary Layer

Viscous linear equation with source

V- (Bu) — eAu = s zeQ=(0,1)>
u(xz) =0 z € 0N

where 3 is [1, l]T. Source term s(x) is chosen in such a way that the exact solution is given by:

2
J(u) = / e " u(x)dxr where « = 1000
Q

r= \/(x — )’ + (y—ye)® where (xo,y.) = (0.99,0.5)
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Goal Oriented Adaptation :

D
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Numerical results

Scalar Boundary Layer
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Figure: Contour showing (a) Polynomial distribution and (b)Dual solution
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Numerical results

Goal Oriented Adaptation : Scalar Boundary Layer
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Figure: Convergence plots for (a) error in target functional and (b) dual Weighted Residual using scaled V norm.
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Numerical results

Goal Oriented Adaptation :

Scalar Boundary Layer

Adaptation | Ndof | |J(u) — J(up)] DWR
0 3072 1.3599e-04 2.55956e-05
2 2698 2.62413e-09 1.16551e-09
4 3271 1.2955e-11 1.69234e-11
6 3045 2.92165e-12 2.71505e-12
8 3276 3.98067e-14 1.31114e-13

Table: Adaptation Vs. Error for constant complexity using scaled V norm.

MINRES/LS-5

(N = [, w(z)d(z)dz = 512.0)
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Goal Oriented Adaptation: Double Inverse Tangent

The source term s(x) is selected in such a way that the exact solution is given by
u(x) = (tan™(a(z — 21)) + tan™ a2z — 2))) (tan™ " (aly —y1)) +tan™ (alyz — y)))

where 1 = y; = 8, 23 = yp = 23, o =50.0 and € = 0.01. The target for this problem is

J(o) = / joa(z)o - nds
o0
where we have

. 1 n= (1,0
Jasz_{ ( )

0 otherwise

MINRES/LS-5 ankit.chakraborty@austin.utexas.edu October 5, 2022 32/39



Goal Oriented Adaptation: Double Inverse Tangent
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Figure: Contour showing (a) Polynomial distribution and (b)Primal solution
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Numerical results

Goal Oriented Adaptation: Double Inverse Tangent
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Figure: Convergence plots for (a) error in target functional and (b) dual Weighted Residual using scaled V norm.

MINRES/LS-5 ankit.chakraborty@austin.utexas.edu October 5, 2022 34 /39



Conclusion and Future Work

Conclusions
@ Based on a robust inbuilt error estimate.
o Efficient in terms of degrees of freedom required to achieve the same level of error.
@ Analytic optimization for global size distribution.

Future Work

@ Reduce the cost of anisotropy computations.

MINRES/LS-5 ankit.chakraborty®@austin.utexas.edu October 5, 2022 35/39



References

[1] L. Demkowicz and J. Gopalakrishnan. A class of discontinuous Petrov — Galerkin methods. II.
optimal test functions. Numerical Methods for Partial Differential Equations, 27(1):70-105, 2011.
doi: 10.1002/num.20640.

[2] L. Demkowicz and J. Gopalakrishnan. A class of discontinuous Petrov-Galerkin methods. Part I:
The transport equation. Computer Methods in Applied Mechanics and Engineering, 199(23-24):
1558-1572, 2010. ISSN 00457825. doi: 10.1016/j.cma.2010.01.003.

[3] L. Demkowicz and N. Heuer. Robust dpg method for convection-dominated diffusion problems.
SIAM Journal on Numerical Analysis, 51(5):2514-2537, 2013. doi: 10.1137/120862065.

[4] L Demkowicz, J Gopalakrishnan, and A Niemi. A class of discontinuous Petrov-Galerkin methods.
Part lll: Adaptivity. Applied Numerical Mathematics, 62:396—427, 2012.

[5] Vit Dolejsi. Anisotropic hp -adaptive method based on interpolation error estimates in the L4
-norm. Applied Numerical Mathematics, 82:80 — 114, 2014. ISSN 0168-9274. doi:
10.1016/j.apnum.2014.03.003.

[6] Vit Dolejsi, Georg May, Ajay Rangarajan, and Filip Roskovec. A Goal-Oriented High-Order
Anisotropic Mesh Adaptation Using Discontinuous Galerkin Method for Linear
Convection-Diffusion-Reaction Problems. SIAM Journal on Scientific Computing, 41:
A1899-A1922, 2019. ISSN 1064-8275. doi: 10.1137/18m1172491.

MINRES/LS-5 ankit.chakraborty®@austin.utexas.edu October 5, 2022 36 /39



References

[7] Vit Dolejsi, Georg May, Filip Roskovec, and Pavel Solin. Anisotropic hp-mesh optimization
technique based on the continuous mesh and error models. Computers and Mathematics with
Applications, 74(1):45-63, 2017. ISSN 08981221. doi: 10.1016/j.camwa.2016.12.015.

[8] David A. Venditti and David L. Darmofal. Anisotropic grid adaptation for functional outputs:
application to two-dimensional viscous flows. Journal of Computational Physics, 187(1):22 — 46,
2003. ISSN 0021-9991.

[9] L. Demkowicz and J. Gopalakrishnan. Analysis of the DPG method for the poisson equation. SIAM
Journal on Numerical Analysis, 49(5):1788-1809, 2011. ISSN 00361429. doi: 10.1137,/100809799.

[10] Brendan Keith, A L | Vaziri Astaneh, and Leszek F Demkowicz. Goal-oriented adaptive mesh

refinement for discontinuous petrov—galerkin methods. SIAM Journal on Numerical Analysis, 57
(4):1649-1676, 2019.

MINRES/LS-5 ankit.chakraborty®@austin.utexas.edu October 5, 2022 37/39



Financial support from the
Deutsche Forschungsgemeinschaft
(DFG)
through grant IRTG-2379 is
gratefully acknowledged

ankit.ch;



Acknowledgment

MINRES/LS-5 ankit.chakraborty@austin.utexas.edu October 5, 2022 39/39



	Background
	Motivation
	Mesh-Metric Duality
	Higher Order Error Model
	Analytic Optimization (H adaptation)
	Analytic Optimization (HP adaptation)
	Numerical results
	Conclusion and Future Work
	References
	References
	Acknowledgment

	anm0: 
	0.28: 
	0.27: 
	0.26: 
	0.25: 
	0.24: 
	0.23: 
	0.22: 
	0.21: 
	0.20: 
	0.19: 
	0.18: 
	0.17: 
	0.16: 
	0.15: 
	0.14: 
	0.13: 
	0.12: 
	0.11: 
	0.10: 
	0.9: 
	0.8: 
	0.7: 
	0.6: 
	0.5: 
	0.4: 
	0.3: 
	0.2: 
	0.1: 
	0.0: 


