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Background

Background

Discontinuous Petrov-Galerkin schemes with optimal functions.

Inbuilt error estimator
Polynomial representation of inbuilt error estimator.

Adaptive Schemes

Reduce discretization error
Accurate solution on coarse meshes
Faster convergence to asymptotic rates

[1] Demkowicz and Gopalakrishnan, 2011, Numerical Methods for Partial Differential Equations
[2] Demkowicz and Gopalakrishnan, 2010, Computer Methods in Applied Mechanics and Engineering
[3] Demkowicz and Heuer, 2013, SIAM Journal on Numerical Analysis
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Motivation

Motivation

Optimal ap-
proximation
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DPG with
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Optimal
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continuity
constants

Inbuilt error
estimator

Anisotropic
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using the error
estimator
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Mesh-Metric Duality

Mesh-Metric Duality

Metric-Ellipse correspondence: ∑
M

:= {x ∈ R2 : xTMx ≤ 1}

Ellipse-Triangle correspondence

θ
h1

h2

A mesh element is unit with respect to a metric field if each of its edge satisfies the following condition

‖ei‖2M = eTiMei = C, i = 1, 2, 3
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Mesh-Metric Duality

Mesh-Metric Duality

M =

[
cos(θM) −sin(θM)
sin(θM) cos(θM)

]T [
αM,1 0

0 αM,2

] [
cos(θM) −sin(θM)
sin(θM) cos(θM)

]

αM,1 =
1

h2
1

, αM,2 =
1

h2
2

For C = 3, the area of the triangle is related to ellipse by,

|κM| =
3
√

3

4
h1h2 =

3
√

3

4dM

We define aspect ratio of the element as

βM =
h1

h2

The triangle is described by dM, βM, θM
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Mesh-Metric Duality

Optimization Goal

Optimize βM and θM by locally minimizing an error estimate.

We can still have set of similar triangles with same anisotropy.

dM is computed in a second optimization step.
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Higher Order Error Model

Higher Order Error Model

DPG methods with optimal test functions have an inbuilt error estimator:

‖U − Uh‖2E,Ωh = ‖LUh − l‖2V′,Ωh = ‖(v, τ)‖2V,Ωh =
∑
κ∈Th

‖(v, τ)‖2V,κ

For scalar convection-diffusion problem with ultra-weak formulation [4], V ∈ H1(Ωh) and
τ ∈ H(div; Ωh).

‖(v, τ)‖2V,κ =

∫
κ

(v(x))
2

+ τ (x) · τ (x) + |k|(∇v(x) · ∇v(x) + (∇ · τ (x))2
))︸ ︷︷ ︸

eκ(x)

dx

Let the order of approximation for field variables be P and P + δP for test space. Then eκ(x) is a
polynomial of order 2(P + δP ).

eκ(x) =

2(P+δP )∑
i=0

Pi,x̄(x)︸ ︷︷ ︸∑i
l=0 cl(x−x̄)l(y−ȳ)i−l

[4] Demkowicz et al., 2012, Applied Numerical Mathematics
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Higher Order Error Model

Higher Order Error Model

For a polynomial Pi,x̄(x) =
∑i
l=0 cl(x− x̄)

l
(y − ȳ)

i−l, we have [5]:

|Pi,x̄(x)| . A1

(
(x− x̄)TQφiDρiQφi

T (x− x̄)
) i

2

[5] Dolejsi, 2014, Applied Numerical Mathematics
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Higher Order Error Model

Higher Order Error Model

∫
κ

eκ(x) dx ≤
∫
Eκ

eκ(x) dx .
2(P+δP )∑
i=0,i∈z+ev

∫
Eκ

Ai,1
(
(x− x̄)TQφiDρiQφi

T (x− x̄)
) i

2 dx

x− x̄ = QθMSβM x̂ = rQθMSβM

[
cos(θ)
sin(θ)

]
Using polar coordinates, we have

∫
κ

eκ(x) dx ≤
∫
Eκ

eκ(x) dx .
2(P+δP )∑
i=0,i∈z+ev

Ai,1λe
i+2
2

i+ 2

∫ 2π

0

(gi(θ;βM, φM − φi))
i
2 dθ

The anisotropic properties {βM, φM} are set by locally minimizing the error bound [6].

[6] Dolejsi et al., 2019, SIAM Journal on Scientific Computing
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Analytic Optimization (H adaptation)

Analytic Optimization (H adaptation)

Assumption [7, 8]:

η2
k ≈ Āk|k|

s+1

Error density function [7] :

ed = Āk

(
3
√

3

4dk

)s
ed(x) = Ā(x)

(
3
√

3

4d(x)

)s
At asymptotic limit

η2
Ω =

∑
k∈Th

ed(xk)|k| →
∫

Ω

ed(x) dx

For Goal oriented adaptation ηk = η̄k · η?k ([9, 10])and ηΩ ≈ O(hp+1). Also Ā(xk) =
η2k
|k|p+2 .

[7] Doleǰśı et al., 2017, Computers and Mathematics with Applications [8] Venditti and Darmofal, 2003, Journal
of Computational Physics [9] Demkowicz and Gopalakrishnan, 2011, SIAM Journal on Numerical Analysis [10]
Keith et al., 2019, SIAM Journal on Numerical Analysis
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Analytic Optimization (H adaptation)

Analytic Optimization (H adaptation)

Problem

Let N be the desired complexity and ed(x) be the error density. We seek a mesh density distribution
d(x) : Ω→ R+ such that:
(a) N =

∫
Ω
d(x) dx.

(b) E =
∫

Ω
ed(x) dx is minimized.

∫
Ω

δd(x) dx = 0

δE = −(p+ 1)α(p+1)

∫
Ω

Ā(x)d(x)
−(p+2)

δd dx where α =
3
√

3

4

Ā(x)d(x)
−(p+2)

= const.
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Analytic Optimization (H adaptation)

Hence again using the constraint, we obtain

d?(x) = KĀ(x)
1

(p+2) , K =
N∫

Ω
Ā(x)

1
(p+2) dx

On substituting the expression for K, we obtain the expression for the optimal density.

d?(x) =
NĀ(x)

1
(p+2)∫

Ω
Ā(x)

1
(p+2) dx

Ā(xk) =
η2
k

|k|p+2 d?(xk) =
Nη

2
(p+2)

k

|k|

( ∑
k∈Th

η
2

(p+2)

k

)
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Analytic Optimization (HP adaptation)

Analytic Optimization (HP adaptation)

Two step process:

Polynomial order selection.
Density computation.
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Analytic Optimization (HP adaptation)

Analytic Optimization (HP adaptation)

Polynomial selection

mpk+i =

(
Epk+i

Epk

) 2
pk+i+1

Npk+i
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Analytic Optimization (HP adaptation)

Analytic Optimization (HP adaptation)

Problem

Let N be the desired complexity in terms of degrees of freedom and e(x, p(x)) be the error density. We
seek a mesh density distribution d(x) : Ω→ R+ for a given polynomial p(x) : Ω→ Z+ such that:
(a) N =

∫
Ω
w(x)d(x) dx.

(b) E =
∫

Ω
e(d(x), p(x)) dx is minimized.

Density optimization.

Local DOF modification.

w(x) = 2(p(x)+1)(p(x)+2)

3
√

3
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Analytic Optimization (HP adaptation)

Analytic Optimization (HP adaptation)

Density Optimization:

δN =

∫
Ω

w(x)δd(x)dx = 0

δE =

∫
Ω

−(p(x) + 1)α(p(x)+1)A(x)d−(p(x)+2)δd dx, (1)

(p(x) + 1)Ā(x)

w(x)
d(x)

−(p(x)+2)
= K = const.

d?(x) =

(
(p(x) + 1)Ā(x)

w(x)

) 1
(p(x)+2)

K−
1

(p(x)+2)
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Numerical results

Scalar Boundary Layer

Viscous linear equation with source

∇ · (βu)− ε∆u = s(x) x ∈ Ω = (0, 1)
2

u(x) = 0 x ∈ ∂Ω

where β is [1, 1]
T .

Source term s(x) is chosen in such a way that the exact solution is given by:

u(x) =

2∏
i=1

(
xi +

e
xi
ε − 1

1− e 1
ε

)
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Numerical results

Scalar Boundary Layer

(a) (b)

Figure: Boundary layer: (a) solution contour on an adapted mesh and (b) polynomial distribution on the same
adapted mesh with ε = 0.005 with 6980 degrees of freedom.

MINRES/LS-5 ankit.chakraborty@austin.utexas.edu October 5, 2022 20 / 39



Numerical results

Scalar Boundary Layer

Adaptation Ne ‖u− uh‖2,Ω ‖U − Uh‖E,Ω
0 512 0.0262192 0.0514999
2 437 0.000289966 0.00218748
4 463 6.05824e-06 4.77721e-05
6 484 3.65609e-06 3.09974e-05
8 489 2.02129e-06 1.86422e-05

Table: Adaptation Vs. error for constant complexity using scaled V-norm

(ε = 0.005, p = 3, N =
∫

Ω
d(x) dx = 512.0× 3

√
3

4
).
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Numerical results

Scalar Boundary Layer
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Figure: Convergence plots of (a) L2 error in uh and (b) energy norm using scaled V-norm with ε = 0.005.
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Numerical results

Scalar Boundary Layer
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Figure: Convergence plots of (a) L2 error in uh and (b) energy norm using scaled V-norm with different initial
polynomial distributions (ε = 0.005).
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Numerical results

Scalar Boundary Layer
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Figure: Convergence plots of (a) L2 error in uh and (b) energy norm using scaled V-norm with different initial
mesh (ε = 0.005).

MINRES/LS-5 ankit.chakraborty@austin.utexas.edu October 5, 2022 24 / 39



Numerical results

L-Shaped Domain

−∇2u = s(x) x ∈ Ω = [−1, 1]2 \ [0, 1]× [−1, 0]

u = gD x ∈ ∂Ω

Source term s(x) is chosen in such a way that the exact solution is given by:

u(x) = r
2
3 sin

(
2

3
θ

)
where θ = tan−1

(
x2

x1

)
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Numerical results

L-Shaped Domain

(a) (b)

(c) (d)

Figure: Polynomial Distribution
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Numerical results

L-Shaped Domain
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Figure: Convergence plots of (a) L2 error in uh and (b) energy norm using scaled V-norm.
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Numerical results

Goal Oriented Adaptation : Scalar Boundary Layer

Viscous linear equation with source

∇ · (βu)− ε∆u = s1 x ∈ Ω = (0, 1)
2

u(x) = 0 x ∈ ∂Ω

where β is [1, 1]
T . Source term s(x) is chosen in such a way that the exact solution is given by:

u(x) =

2∏
i=1

(
xi +

e
xi
ε − 1

1− e 1
ε

)

J(u) =

∫
Ω

e−αr
2

u(x) dx where α = 1000

r =

√
(x− xc)2

+ (y − yc)2
where (xc, yc) = (0.99, 0.5)
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Numerical results

Goal Oriented Adaptation : Scalar Boundary Layer

(a) (b)

Figure: Contour showing (a) Polynomial distribution and (b)Dual solution
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Numerical results

Goal Oriented Adaptation : Scalar Boundary Layer
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Figure: Convergence plots for (a) error in target functional and (b) dual Weighted Residual using scaled V norm.
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Numerical results

Goal Oriented Adaptation : Scalar Boundary Layer

Adaptation Ndof |J(u)− J(uh)| DWR
0 3072 1.3599e-04 2.55956e-05
2 2698 2.62413e-09 1.16551e-09
4 3271 1.2955e-11 1.69234e-11
6 3045 2.92165e-12 2.71505e-12
8 3276 3.98067e-14 1.31114e-13

Table: Adaptation Vs. Error for constant complexity using scaled V norm.
(N =

∫
Ω
w(x)d(x) dx = 512.0)
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Numerical results

Goal Oriented Adaptation: Double Inverse Tangent

The source term s(x) is selected in such a way that the exact solution is given by

u(x) =
(
tan−1(α(x− x1)) + tan−1(α(x2 − x))

) (
tan−1(α(y − y1)) + tan−1(α(y2 − y))

)
where x1 = y1 = 1.0

3.0 , x2 = y2 = 2.0
3.0 , α = 50.0 and ε = 0.01. The target for this problem is

J(σ) =

∫
∂Ω

j∂Ω(x)σ · nds

where we have

j∂Ω =

{
1 n = (1, 0)

0 otherwise
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Numerical results

Goal Oriented Adaptation: Double Inverse Tangent

(a) (b)

Figure: Contour showing (a) Polynomial distribution and (b)Primal solution
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Numerical results

Goal Oriented Adaptation: Double Inverse Tangent
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Figure: Convergence plots for (a) error in target functional and (b) dual Weighted Residual using scaled V norm.
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Conclusion and Future Work

Conclusions

Based on a robust inbuilt error estimate.

Efficient in terms of degrees of freedom required to achieve the same level of error.

Analytic optimization for global size distribution.

Future Work

Reduce the cost of anisotropy computations.
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