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The linear acoustic wave equation A\‘(IT

Let Q c RY be a bounded domain in space with Lipschitz boundary,
/= (0, T) atimeinterval, and Q = (0, T) x §Q the space-time cylinder.
The second-order wave equation

0f¢—V - (kVg) =b
is considered as first-order system with p = 9;¢ and q = —kV ¢, i.e.,

00ip+V-q=>b and 9\ q+xkVp=0 in(0,7) xQ,
p(0) = po and q(0) = qo inQatt=0,
p(t)=pp(t)onTp and n-q(t) =gn(t)on Ty ondQfort e (0,T)

with volume data b, boundary data gn, pp, initial data qo, po, uniformly positive
parameters g, k, and the disjoint decomposition of the boundary 9Q = I'p U I'n.

(p,q) € La2(Q; R'9) is a weak solution, if
— (P, 00p) o — (A5 '0m) g — (P.V 1) g — (4. VD),

= (b,%) g+ (Po: £(0) g + (0, 1(0)) g — (P 1) (5 7, — (9N:9) (0. 7yern
for smooth test functions (¢, n) with o(T) =0and n(T) = 0.



The linear acoustic wave equation A\‘(IT

The corresponding Friedrichs system with m = 1 4+ d components is given by

= () o () (55 = () 1= ) 0= (2
and Lu = Mo + Au, L* = —L, so that for test functions w € V*
(f,w), = (Lu,w), = (u,L"w) , — (uo,w(0)), + (g,w)(O’T)X(,m
with V* = {w = (p,1) € C'"(Q;R™): W(T) =0inQ, ¢ =00n(0,T) x I'p,
n-np=00n(0,T)xIx}.
Our aim is to find a weak solution u € Ly(Q; R™) solving for all w € V*
(u,L'w), = (6,w) with (£, w) = (f,w), + (Muo,w(0)),, — (g,w)(o’T)X(,m

for given volume data f € Lo(Q; R™), initial data ug € Lo(Q; R™), and boundary
data g € Lo((0, T) x 9Q; R™), where the boundary data g = (g« )x=1
extended to 9Q by gk =00on 9Q\ T, fork=1,...,m.

,,,,,

The weak solution is also a strong solution if
Lu=1finLy(Q;R™), u(0) = uo in Lo(%R™), (Au)k = gk on La((0, T) x Tk), Vk.
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Existence of a weak solution

Lemma
|M'2w|q < C;||M~"/2L*w| g forw € V* holds with C} = 2T.

Define Z = {w = (p,n) € H'(Q) x H(div,Q): ¢ =00nTp, n-n=00nTIy}.

Lemma

Assume that M+ 7A: Z — Lo(Q; R™) is surjective for all T > 0.

Then, L*(V*) C Lo(Q; R™) is dense.

This is proved by time stepping and holds for our application to acoustics.

We define the quadratic functional J*(w) = 3||M~"2L*w|% — (¢,w) for w € V*.
Let V* be the closure of V* in {v € Lo(Q;R™): Lv € Lo(Q;R™)}.

Theorem

Assume that C, > 0 exists with |(¢,w)| < C,||M~"/2L*w||q forw € V*.

Then, a unique minimizerz € V* of J*(-) exists, andu = L*z € 1,(Q; R™) is the
unique weak solution of

*

(u7 L*W)Q = <€a W> ) wevy.

[N



The DG finite element space in the space-time cylinder A\‘(IT

ForO=1f <t <--- <ty =T, we define time intervals I, » = (t,—1, t) and
/h:(fo,t1)U~~~U(tN_1,fN) C /2(07 T), 8/h={fo,f1,...,tN_1,fN}.

Let Ky be a mesh so that Q, = UKE,Ch K is a decomposition in space into open
cells K ¢ Q ¢ R?. We obtain a decomposition into R = I, » x K and

N
Q=hxU=JQnr=J R  Qun=|J haxK C hnxQ.

n=1 ReRp, KeK
We select a finite dimensional subspace Vi, C Vi, C C'(Qn; R™), where
Vo = {Vh € CY(QniR™): Vonk = Va|i, ,xk €xtends to Vo kx € CO(ln x K;R™)} .
Let F € Fk be the faces of the element K, and we set 7y = |J, Fk.
We define the time-step sizes Afy = t, — t,—1 and At = max Aly.
We set hx = diam K, hg = diam F, and h = max hx, and we assume hr > cshk.
We assume quasi-uniform meshes and shape-regularity.

We assume, depending on a reference velocity ¢ > 0,
that the mesh size in time and space are well balanced satisfying ceiAt < h.



The DG discretization A\‘(IT

Let M, be a piecewise constant approximation of M, define Lyvy, = Mpoivy, + Avp.

For vy, = (pr,qn) € Vs and wy, = (pn, mn) € Vi We have
N

(LhVh, wh) =" (Vh, LnWh) QthZ (MnVi,n(tn), Wi, n(t)) g— (MaVna(ta—1), Wi n(th—1)) o

n=1
+ Z Z (A"th’K’wh)lhxF'

KeKy FeFk
In the DPG method, we introduce additional trace degrees of freedom on
m the interfaces in time {t,} x Q for v, x(t)
® on the faces in space (tr-1, t) x F for A, Vs selecting ne € £ng



The DG discretization with full upwind A\‘(IT

Let M, be a piecewise constant approximation of M, define Lyvy, = Mpoivy, + Avp.

For vi = (pn,qn) € Vs and W, = (pn, ms) € Vi we define the discrete bilinear form
N
bn(Vh, Wh) = — (Vh, LWh) o~ Z (MVi,n(tn), Whn)

n=1
+ Z Z (vh,K7Aﬂ‘:([Wh]K7F)Ih><F7

Kek, FEFk

where the upwind flux A" € Rgn" is obtained by solving local Riemann problems,
and defining [Wx]n = Wni1 n(th) — Won(th) forn=1,...,N =1, [Wy]ny = —Wn,n(n).
On inner faces F C Q, we define the jump term [Wp]x F = Whkr — Wh k.

On boundary faces F C 92 this depends on the boundary conditions, and we set
(Asva)k = —2(Apvh)k on T C 02 and (A, [Ve])k =00n 9Q\ Tk fork=1,....,m.

For acoustics we have, depending on the impedance Zx = /kn.k0n K,

(Vhk, Ane Whlk.F) = (Pr.h + Zie Nk - Qi o, [onlk F + ZkNi - [Whnlk F) g

1

Zk + 2,

(€n, (n,mn)) = (b, @n) o + (Pos #n(0)), + (o, mA(0)),,

= (Po, - mp — 2;190’7)(0,7')er — (9o, n — 2 - ’/’h)(o,r)er'
6



Consistency of the DG discretization A\‘(IT

For v,, W, € Vi, we have
1 N
b (Vh, Vi) > 5 S M2 valal 2 + e HA,,[vh]Hthth
n=0

bn(Vh,vh) =0 = bp(Vh,Wh) = (Va, L;Wh)oh = (LnVh, Wp) a

|b’7(vhvwh) - (Vf” L;Wh)nh| < HMA/zvhHao,,\/HMll/z[Wh]Hz/th + G HAn[Wh]”/z,,xanh

’bh(vhvwh) - (thh’wh)9h| < \/HM;/Z[V”]HE/MQ + G HA"[Vh]Hix(‘)Qh HMA/ZWhHth

The mesh-dependent DG semi-norm and norm is defined for v, € V), by

|vh|h,DG =V bn(Vh, V), HVhHh,DG = \/|vh|i,DG + HhMI:WZLthHiJh :

N
|V’7|h,DG+ - \/,721 (||M/17/2V"vh(tn—1)||?z + ||M/17/2V"7h(t")||?2) +C KEX;:C ”M;w/zvhuixa;(
= h

and [[Va|, e = y/IVl5 e + [[171/2My 242 vields

bn(Vh, Wh) < ”Vh”h,DGHWh”h,DG+ and  bn(Vh, Wp) < ||vh”h,DG+HWh”h,DG'
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Lemma

Define dr(t) = T — t. We have

A

Well-posedness and stability

My 2vn|% + T | MY2Vn(0)|[2 < 2 bn(Vn, d7Vh), Vi € Vi

Let Vi, € P(Qx; R™) C V4 be a finite dimensional subspace.

Lemma
A unique discrete approximation uy, € Vi, exists solving

ba(un, Vi) = (€, Va) , Vh € Vh.

Depending on Hh‘/zM,j‘/thvhHoh < Cov || V/2M;/?v4)|, and
[My2Vn| g, < Cie [[171/2My2 V]|, for v € Vi we obtain

Theorem

br(Vh, Wh) - . 1
Mmoo inf-su 5 V th inf-sup — T o~ 5 o~ o~ -
w,,esyhs{O} ||Wh||h’DG > Cint. pHVh”h,DG Vh € Vi With Cint-sup 41 2C2+ 2Cn

[



Explicit construction of the inf-sup estimate A\‘(IT
For given v, € V;, \ {0} we define z, = hM,, ' Lyvy, € Vi, and we obtain
‘zh|h,DG+ < C"th/ZMA/ZZhHQh = Ctr’|h1/2MfT1/2Lth"oh S C‘fHVhHh,DG'

Together with the inverse inequality this yields thHi’DG < (CE+Ca) thHi’DG.
We observe

c2
(LthZh)Oh = bn(vh, zn) < ’vh’h,DG}zh‘h,DGﬁ <5 ’V”’h pc T P HVhHh DG

This yields

Ctr

+5 |vh|hDG 2||vh”hDG+bh(vhvzh)7

”VhHIZLDG < |vh|121,DG
so that with C, = 2 + C2
||Vh||i,DG < CZ|V’7}$7,DG + 2bh(Vh,Zh) = bh(Vh, Covp + 2Zh) .
We obtain the assertion with y, = Covy, + 225, by

bn(Vh,Yn)

bh(Vh,Wh)
su —_—
1¥4llp e

< e p .
wheVn\ 10} [|Wall, e

thHi,DG < Hthh,DG = ¥inf- supHVhHh DG



Convergence in the DG norm : (IT

Theorem

Assume that the solution is sufficiently smooth satisfying u € H*(Q; R™) with s > 1.
Then, the error for the discrete solution uy, € V}, is bounded by

[l i < CH 2[R0 -+ CT 7220y — M) .

C > 0 depends on mesh regularity / polynomial degree / material parameters.

Corollary

lu(tn) = unn(ta)l|g < CH*2[D%ull g ) g +Ctah™Z(|M 5 (M = MDYl

If M is discontinuous and the parameters g and « are not resolved by the mesh,
the consistency error can be estimated in case of higher regularity:
—1/2 —1/2 —1/2 1/2
”(Mh (Mp — M)aquo < HM,, (M — Mn)M HLZQ/Q,q)(Q)HM af"'HLz(o,T;Lq(Q))

in case of Giu € Lo(0, T; Lg(; R™)) with g > 2.



The direct minimal residual approach A\‘(IT

The DG solution uj, € V, is the unique minimizer of the functional

dhpc(Vh) =  sup |61 (Vi, W) — (£h, Wh)|
WhEVp\ {0} ||WhHh,DG

s vpe V.

with Jh,DG(uh) =0.
The solution can be obtained by solving a symmetric positive definite Schur
complement problem. The Schur complement matrix cannot be computed locally.



The direct minimal residual approach A\‘(IT

The DG solution uj, € V, is the unique minimizer of the functional

Jh DG+ (Vh) = sup |bh(vh7 Wh) _ <€h7 wh>|
’ WA € Vi\ (0 W[, e

) Vh € Vh

with Jh’DG‘F (Uh) =0.
The solution can be obtained by solving a symmetric positive definite Schur
complement problem. The Schur complement matrix can be computed locally.

Therefore, define operators M, x pe+ and B,  with

HWhHi,DG+ ZZ "KDG+W’“W’7)/ hxK?
bn(Vh, Wh) = ZZ (Bn,kWh, W), oK

(Bn,kVh, W) XK = *(th Lhwh)/n,,,xK
— (I‘ﬂ,7\lr,7,7(t,1)7 [Wh]n)Q + Z (Vh KaA [Wh]K F)I h><F7
FeFyk
so that

Spup = fn with Sy = Z Z By kM ,TK pa+ Bk, (fh,Wh)Q = (ln,Wp) .



The ideal minimal residual approach A\‘(IT

A minimizer u®® ¢ V,, of

Js) = sup | (v, W) — (€, W)]| — |bn(vh — u,w))|
wevtor Wil pe wevy(oy (W[, o

cannot be computed numerically.

Inf-sup stability in the DG norm is not valid in Vi, =[], « C'(Iop x K;R™).

) Vp € Vh



The practical minimal residual approach A\‘(IT

Karlsruhe Institute of Technology

Select an extended DG space Vi, C VX' C V.
We define for all v, € V}, the solution v}, € V& of
(Vh,Wh), poe = bn(VaWh), W€ v,
the trial-to-test operator ©, pe+: Vih — V&, v, — v}, and the dual test space

Vipa+ = {©@npc+(Vh): Vh € Vit = Oppa+ (Vh) .

We have dim V o+ = dim Vj, and a unique Petrov-Galerkin solution up, pg+ € Vh

b (Unpa, Wh) = (Ch, Wh), Wh € Vipat -

exists.

The solution can be obtained by solving a symmetric positive definite Schur
complement problem. The Schur complement matrix can be computed locally.

Mesh-independent inf-sup stability is an open problem.



The nonlocal practical minimal residual approach A\‘(IT
Now we define the trial-to-test operator ©p pg: Vi — VX' by
(©hpG(Vh),Wh), e = bn(Vh, W), Wh e Vi*

and V,;K’DG = @hyDg(Vh). We have dim V;,DG =dim V}.
A unique Petrov-Galerkin solution us pg € Vj, exists:

b (Unpc,Wh) = (£h, Wh), wh € Vipe -

We have inf-sup stability for v, € V,,

br(Va, W) ba(Vh, ©npc(Vh)
|V < sp =
sup [Vl h p wneven o) Wall, g [©npcVa)], oo
br(Vh, Wh)
sup —

WhE V5o \{0} HwhHh,DG

and thus convergence.



A DPG discretization A\‘(IT

For the special case that in V' C Vj, the traces at the inner interfaces coincide
we define the trace spaces (selecting nr for F € Fp)

Vona = {Van(tr): Vo € i} = {Varin(ta): vae Vi), n=1,... ,N—1,
VnhF:{A VnhK|I,,h><F5Vh€ 78 FeFxknQ,
H Vina XH H Vin -
n=1FEFpNQ

and the corresponding trace mapping vn: Vi — V.

For (Vh, Vi) € Vi x Vi, and w, € V2 we define the discrete bilinear form

N—-1

b ® ((Vh, Vn), Wh) = —(Vh, LaWp) a = Z (MnVn(tn), (Whln) g + (Mava(tn), Wh(tn))

n=1

+Z Z (vh’Aﬂi[Wh]KvF)/hxF+ Z (théﬁz[wh]K,F)lhxF

KeKy FEFKNQ FeFrnoQ

We assume {(Vi, V) € Vi x Vir: BRPC((Vh, Vi), Wh) = O for all wy € VE} = {(0,0)}.

16



A DPG method A\‘(IT

We define the norms

000 m = (ALl 5 [0+ )

n=1
1/2
LD DD DI 1WA wigy - % i I
KeKp FEFKNQ FeFpnoQ
N
HwhHh,DPG+ = (fr1 HM1/2W”HZ,, + Z (HM;/ZWn,h(tn*ﬂH; + HM;/ZWn,h(t")Hiz)

=1
’ ) 1/2

£ Y Al )

KeKk, FEFK

We have continuity |bRP% ((Va, V), Wh)| < H(vh’vh)Hh,DPG||WhHh,DPG+'

Now we define the trial-to-test operator ©, ppg+: Vi x Vi, — V& by
((9h,DPGJr (vfh Vh), Wh) h,DPG+ = bIIEI)PG ((Vh7 /‘;h)v Wh) ’ Wh € Vf?Xt
and VI?,DPG* = eh’DpGJr(Vh).

We have "ethPG+(vh’vh)"h,DPG+ < H(Vh’vh)Hh,DPG'



Inf-sup stability of the DPG method A\‘(IT

Assume that y, € V& can be constructed such that

”(Vh’vh ||h prc < O bh"° ((Va, V1), ¥n)
and

Hthh,DPG+ <G H V’“Vh)Hh,DPG'

Then, we have
bDPG v ,G ,
6T s < G ORS00, 590,22) < G i 2 YY)
' Hthh,DPG+
bRPE ((Vh, Vin), ¥n)

< C1CZ||(vh7A ) Hth B
h,DPG

Vh Hh,DPG

This yields inf-sup stability in (Vi x V4) x V& and also inin (Vh x Va) x V; ppes by

PG ((y. G DPG ((y. G
U [ ST e L O T o
CiCe Hthh,DPG+ whe VE\ {0} HW”Hh,DPG+
_ bRP((VA, Vin), ©p.ppc+ (Vh, Vi) bRPe (i, Vi), Wh)

S = sup
[©nppc: (Vi) lyppar  wieVi o0 [Whll e



Summary and Outlook A\‘(IT

Karlsruhe Institute of Technology

We aim to transfer the error estimate for the DG solution with full upwind
Hu - uh”h,DG <che HDSUHQ + CTh_1/2’|MI:1/2(Mh - M)aquo

to the DPG method.

m The constants depend on the inverse estimates and thus on the polynomial
degree in V4; thus, we get larger constants in V£*.

m Both solutions can be obtained by a symmetric positive definite system.
m [t has to be checked numerically, which method is more efficient.
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