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Model problem

Given desired states y; € L*(Q), yar € L*(Q), Find controls
u € L3(Q), up € L3(Q) s.t.

minally - yallg + Bly(T) — yarllé + Mlullgy + Aolluolld
subject to

oy —Dyy=f+u in @ =(0,T) x £,
y=0 on (0,T) x 09,
y(0) =yo +ug in Q.

* feL*Q) yo € L*(Q)
°* a,>0,a+8>0
®* A N >0, A+X>0
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Building block: fem and time stepping for heat eq.

o Backward Euler with time-step k: u® ~ ug, and

u" Tt — kAU = kf +u™
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Building block: fem and time stepping for heat eq.

o Backward Euler with time-step k: u° = g, and
u" — kAU = kf +u.
e Lagrange finite elements S (£2,) in space [cf. book of Thomée]

Advantages:
e low memory requirement (~ S}(€2,)) (if we want u only at final time)
e very easy to implement using existing FEM-codes

Disadvantages:

e need structured meshes, no space-time adaptivity

e no quasi-optimality like Céa’s lemma [cf. Veeser & Tantardini '16]
e Quasi-optimality is important ingredient in theory of adaptivity

e Not applicable to moving domains

Observation:
e Optimal control of parabolic equation: Advantage 1 vanishes!
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First-order formulation of heat equation

Oy —dive o = f,

V:vy -0 = Oa
y(0) = yo,
Yloa =0

Unique solution (y, o) minimizes

J(y,0) =10y — diva o — flI5 + IVay — ol + [5(0) — yoll3

@ Fuhrer, K. '21, Gantner, Stevenson '21
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Yloa =0

Unique solution (y, o) minimizes
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First-order formulation of heat equation

Oy —dive o = f,

va — 0= 07
y(0) = yo,
Yloa =0

Unique solution (y, o) minimizes
J(y,0) = 10wy — dive o — f1E + [Vay — allg + y(0) — woll?,
What is the “right” setting?

A priori: y € L2(H(Q)) N HY(H71(Q)), o € L*(Q).
Observation: If f € L*(Q) then div(y, —o) € L*(Q)

ﬁ Fuhrer, K. '21, Gantner, Stevenson '21
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Least-squares FEM 1/2
Space

Y = {(y,a) € L2(H(%(Q)) X LQ(Q)d : aty - diVIO' € LQ(Q)}
Norm (graph)

1y, )3 = 1Vayll + llolll + 10y — diva o3

Michael Karkulik
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Least-squares FEM 1/2
Space

Y ={(y.0) € L*(H5 () x LXQ)* : dy — div, 0 € L*(Q)}
Norm (graph)
Iy, )5 = IVl + ol + 10y — diva ol
Least-squares operator: £: Y — L2(Q)'*? x L2?()

E(ya U) = (3ty —div, o, V,y — o, y(O))
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Least-squares FEM 1/2
Space

Y = {(y.0) € L*(H; () x L*(@Q)? : 9y — div, 0 € L*(Q)}
Norm (graph)
1y, )3 = IVaylld + llolld + [0y — diva o7,
Least-squares operator: £: Y — L2(Q)'*? x L2?()

E(ya U) = (3ty —div, o, V,y — o, y(O))

Proposition (Gantner & Stevenson '21)
Y is Hilbert space and L is isomorphism J

Minimization problem

in |0y — dive o — fl|5 + [|[Vay — a|3 + ly(0) — yol|2
Jmin [0y — div, o = {5 +[Vay ~ ol + Ju(0) ol

Michael Karkulik
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Least-squares FEM 2/2
Euler-Lagrange, b((y, o), (2, 7)) = (L(y,0),L(2,T))
(y,0) €Y : b((y,0),(2,7)) =(f,0iz —divy 7) + (v0,2(0))a V(z,7) €Y.
Least-squares FEM: Replace Y by Y;, C Y (closed)

min_ |Gy — dive on — f13 + [ Vayn — onlld + lyn(0) — ol
(Yn,on)EYn

Michael Karkulik
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Least-squares FEM 2/2

Euler-Lagrange, b((y, @), (,7)) = (L(y. &), £(z,7))
(y7o') ey: b((ya 0')7 (Z7T)) = (f7atz - lex T) + (yO ) Z(O))Q V(Z,T) ey.
Least-squares FEM: Replace Y by Y;, C Y (closed)

min_ |Gy — dive on — f13 + [ Vayn — onlld + lyn(0) — ol
(Yn,on)EYn

Theorem (Fiihrer, K. '21, Gantner & Stevenson '21)

BLF b(-,-) : Y x Y — R symmetric, coercive.
Thus, unique solutions that are quasi-optimal

1y, o) = (yn,on)lly S min |(y,0) = (z,7)|ly
(Z,T)Gyh

Michael Karkulik
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Disadvantage
® Need additional variable

Second formulation
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Properties of LS-FEMs

Disadvantage

® Need additional variable

Advantages
® Discrete system of equations leads to SPD matrix

® Any(!) choice of discrete spaces is allowed,
particularly, space-time adapted meshes!
Unconditionally inf—sup stability

® Control of “natural” norm:

IVayllo + 10wl L2-1(2)) S Iy o)y
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Properties of LS-FEMs
Disadvantage

® Need additional variable

Advantages
® Discrete system of equations leads to SPD matrix

® Any(!) choice of discrete spaces is allowed,
particularly, space-time adapted meshes!
Unconditionally inf—sup stability

® Control of “natural” norm:
IVayllo + 10wz < I(y: o)y
® Built-in a posteriori error estimator (efficient+reliable)

Iy, ) = (yn, a3

Second formulation
0000000

~ 10y, — dive on = G + [ Vayn — anlld + lya(0) = 3ol
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Overview on some literature

Recent space-time FEMs
FEM: Steinbach '15
MINRES: Andreev '13, Stevenson & Westerdiep '20
® |east-squares: Gantner & Stevenson 21, '22, Fiihrer K. '21
D(iscontinuous)P(etrov)G(alerkin): Diening & Storn '21
Space-time methods for optimal control problems
® Meidner & Vexler '07, '08
® Gong, Hinze, Zhou '12
® Langer, Steinbach, Troltzsch, Yang '21
Langer, Steinbach, Yang '22
Gantner & Stevenson 22+
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There are many ways . ..

Table 11.1 from Bochev & Gunzberger '09

Method

Property| 0 1 2 3 4 5 6
Discrete inf-sup not required - Vv - v 4 v v
Locking impossible V4 Vi V4 - VA Vv -
Optimal error estimate V4 Vi v - Vv Vv -
Symmetric matrix system V4 V4 V4 vV v v Vv
Reduced number of unknowns - - \/ \/ - \/ \/
Positive definite matrix system - V4 V4 V4 - vV vV

For the first formulation we follow Method 4
For the second formulation we follow (more or less) Method 1

Michael Karkulik
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Optimality system 1/2

First-order optimality condition (with A\ =0, a = =1):
find (u,y,0) € L*(Q) x Y s.t.

A(“?”)Q + (y,Z)Q + (y(T) ) z(T))Q = (yd ’ Z)Q + (yd,T s Z(T))Qa
E(yaa) - (U,0,0) - (anayO)a

for v € L?(Q) where z € L2(H}(Q)) N HY(H~()) solves

Oz — Apz =,
z(0) =0,

zl0,ryx00 = 0.

Michael Karkulik
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Optimality system 2/2
Introducing space-time LS formulation and Lagrangian multiplier:
find (u,y,0,w,x) € L?(Q) XY x Y s.t.

a(uvyv g;v,z, T) +g(va 2, T; va) = (yd ) Z)Q + (yd,T ) Z(T))Q’

b(uvyva;ra p) :(y07r(0))ﬂ
for all (v,z,7,7,p) € L?(Q) x Y x Y, with BLFs

a(u7 Yy,o;30, %, T) = /\(U’U)Q + (y 3 Z)Q + (y(T) s Z(T))Q

b(“’? Y,o,T, p) = b(y7 g, p) - (u ) 8{" - lez p)Q

Michael Karkulik



Introduction Space-time least-squares FEM First formulation Second formulation

(e]e]

00000 00@0000000 0000000

Optimality system 2/2
Introducing space-time LS formulation and Lagrangian multiplier:
find (u,y,0,w,x) € L?(Q) XY x Y s.t.

a(u,y, 050, 2,7) + b(v, 2, 73w, X) = (Ya» 2)0 + War 2(T))a,

b(uvyva;ra p) :(y07r(0))9
for all (v,z,7,7,p) € L?(Q) x Y x Y, with BLFs

a(u7 Yy,o;30, %, T) = /\(U’U)Q + (y 3 Z)Q + (y(T) s Z(T))Q

b(u,y, 057, p) = by, o757, p) — (u,dr — div, p)g

Discretization: Subspaces Y3, C Y, U, C L?(Q):
Find (up, yn,on, w,x) € Up X Y, x Y}, s.t.

a’(uh7yha Oh;U, Z7T) + b(v7 2, T;wh7xh) = (yd ) Z)Q + (yd,T ) Z(T))Q7

b(un, Yn, oh; T, P) =(y0,7(0))a

for all (v, z,7,r,p) € Up X Y, X Yy,

Michael Karkulik
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Analysis

Theorem (Fiihrer, K. '22+)

Continuous and discrete formulations admit unique solutions and satisfy
quasi-optimality

lu—unllq + 1y = yn, o = an)lly + |(w — wr, x = xa)lly
Sllu=wvnlle + 1y = zn, 0 = Tr)lly + [I(w = 71: X = P1)lly

for any (vp, zh, Thy Th, P,) € Up X Y5 X Yy,

Michael Karkulik
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Analysis

Theorem (Fiihrer, K. '22+)

Continuous and discrete formulations admit unique solutions and satisfy
quasi-optimality

lu—unllq + 1y = yn, o = an)lly + |(w — wr, x = xa)lly
Sllu=wvnlle + 1y = zn, 0 = Tr)lly + [I(w = 71: X = P1)lly

for any (vp, zh, Thy Th, P,) € Up X Y5 X Yy,

Although indefinite system
the Babuska—Brezzi conditions for discrete system are automatically
satisfied

Michael Karkulik
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A posteriori estimator 1/2

Need to characterize Lagrangian multiplier (w, x)

Lemma (Adjoint state <> Lagrangian multiplier)

Adjoint state p = —\u solves “backward” heat equation

—0ip — DeD =Y — Ya,
p(T) =y(T) — ya,r,
Plo,ryx00 = 0.

Characterization of (w, x):

Oyw — Agw = —p + Agp,
w(0) = —p(0),
wl(o,1)x00 =0,
X = Vw + Vgp.

Second formulation
0000000

Michael Karkulik
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A posteriori estimator 2/2
Estimator

2 N 2 2 2
n” = 10typ —dive op —upllg + IVayp —oplig + lvp(0) —vollg
-1 s 2 2 : 2
+ AT (Opwp, —dive xp) —upllg + Ixp — Vawp — dpllg + 10wy, — dive xp + R llG

Fllyn = va + Bepp + dive PG + 1V — YRllG + PR (T) = (v (T) — g, ) I%

Michael Karkulik
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A posteriori estimator 2/2
Estimator

2 N 2 2 2
n” = 10typ —dive op —upllg + IVayp —oplig + lvp(0) —vollg
-1 s 2 2 : 2
+ AT (Opwp, —dive xp) —upllg + Ixp — Vawp — dpllg + 10wy, — dive xp + R llG

Fllyn = va + Bepp + dive PG + 1V — YRllG + PR (T) = (v (T) — g, ) I%

Pair (pp,, ¥p,) € Y CY* = {(v,7) € L2(H{ () x L2(Q) : div(v, ) € L2(Q)} solves
adjoint state problem with discrete data

. s 2 2 2
min lvp — ya + 0tpp +dive ¥l + IVer — YRl + PR (T) = (yp (T) — yg, )l
(P Y R)EY) * Q Q ’ @

Michael Karkulik
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A posteriori estimator 2/2
Estimator

2 N 2 2 2
n” = 10typ —dive op —upllg + IVayp —oplig + lvp(0) —vollg
-1 s 2 2 : 2
+ AT (Opwp, —dive xp) —upllg + Ixp — Vawp — dpllg + 10wy, — dive xp + R llG

Fllyn = va + Bepp + dive PG + 1V — YRllG + PR (T) = (v (T) — g, ) I%

Pair (pp,, ¥p,) € Y CY* = {(v,7) € L2(H{ () x L2(Q) : div(v, ) € L2(Q)} solves
adjoint state problem with discrete data

. s 2 2 2
min lvp — ya + 0tpp +dive ¥l + IVer — YRl + PR (T) = (yp (T) — yg, )l
(P Y R)EY) * Q Q ’ @

Theorem (Fiihrer, K. '22+)

The estimator 1) is reliable + efficient,
2 _ 9
n° = [lu — upl

where u = (U,y, o,w,X,P, ¢)

Michael Karkulik
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Experiment 1
Q=1(0,1)x(0,1), 90=0,0=0, =1, A=1, 1 =0

ya,r(z) = sin(mz)
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Experiment 1
Q=1(0,1)x(0,1), 90=0,0=0, =1, A=1, 1 =0

ya,r(z) = sin(mz)

100 3
1072 1
1074} 8
1076} 3
1078 1

—10 |- .|
10 —e— 77 unif
10-12 - —#m— osc} unif |

—A— 72 adap
10-14] = osc? adap i
7] S I T BT S H VT S S A W W NTT] R AR RTTT] B R W AN 17| B R

10! 102 10° 10? 10° 109 107
degrees of freedom

Second formulation
0000000
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Experiment 1
Q:(Oal)x(oal)v yOZO,a:O,ﬁzl,A:L AOZO

yar(x) = sin(mrx)

0.6 |- N

0.4} .

0.2 |- f

O - .
| |

| | |
-02 0 02 04 06 08 1 1.2
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Experiment 2

Q:(O,l)x(O,l),y(]:O,azl,B:O,/\:1,)\020

1 05<tand0.2<z<0.38,

ua(t, @) = 0 else

Michael Karkulik
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(e]e] 00000 0000000080 0000000

Experiment 2
Q=1(0,1)x(0,1),90=0,a=1,=0,A=1, % =0

1 05<tand0.2<z<0.38,

ug(t,z) =
0 else.

e
107 ¢ ]
1072
=
1074 ¢ ]

bl —e— 77 unif ]
105 |- | ~®= osci unif E

[ | =4 7} adap k!

b | == osc? adap 1
1078 e v e

10! 102 103 10* 10° 100 107
degrees of freedom
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(e]e] 000000000

formulation

Experiment 2
Q=(0,1)x(0,1), yo=0,a=1,=0,A=1, 1 =0

1 05<tand0.2<x<0.8,
uat, @) = 0 else

1, |

0.8 a

0.6 |- .

0.4} .

0.2 .

O - .
| | | |

| | | |
-02 0 02 04 06 08 1 1.2
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Idea

Solve state and adjoint state equations simultaneously:

Oy — Ay = u,
y(0) = yo,
—0ip — Ayp =y — ya,
p(T) =y(T) — ya,r,
p+Au,v—u) >0 YveE Xy

Second formulation
@000000

Michael Karkulik



Introduction Space-time least-squares FEM First formulation Second formulation
(e]e] 00000 0000000000 @000000

Idea

Solve state and adjoint state equations simultaneously:

Ay — Dgy = u,
y(0) = wo,
=0 — Dap =y — Ya,
p(T) =y(T) — ya,r,
p+Au,v—u) >0 YveE Xy
with admissible controls X,q = {v € L*(Q) : a < v < b}.

Ly = (Opy — div, 0, V,y — o,y(0))

Michael Karkulik
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2nd Method

Nitsche-type coupling BLF

a(%yaP; v, z, Q) = (‘Cy - (u7070) ,EZ - (/Uu 070))
+ (‘C*p - (yv 03 0) P ﬁ*q - (Z, 0, 0)) + ’Y(p + Au , ’U)
E(U7 z, q) = ((O? Oa yO) 7[:25) + ((_yd7 07 _yd,T) ) ‘C*q)

Michael Karkulik



Introduction Space-time least-squares FEM First formulation Second formulation
(e]e] 00000 0000000000 0O®@00000

2nd Method

Nitsche-type coupling BLF

a‘(u7yap; v, z, Q) = (‘Cy - (u7070) ,EZ - (/Uu 070))
+ (‘C*p - (yv 0, 0) ’ ﬁ*q - (Z, 0, 0)) + ’7([7 + Au , ’U)
E(’U7 z, q) = ((0? Oa yO) 7["Z) + ((_yd7 07 _yd,T) ) ‘C*q)

Variational inequality (VI): Find (u,y,p) € U = Xaq x Y X Y*

a(u,y,p;v —u, 2 —yY,q —p) 2 L(v—u,z—-y,q—p) Y(v,z,q) €U

Michael Karkulik
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(e]e] 00000 0000000000 0O®@00000

2nd Method

Nitsche-type coupling BLF

a(%yaP; v, z, Q) = (‘Cy - (u7070) ,EZ - (/Uu 070))
+ (‘C*p - (yv 0, 0) ’ ﬁ*q - (Z, 0, 0)) + ’7([7 + Au , ’U)
E(U7 z, q) = ((O? Oa yO) 7[:2}) + ((_yd7 07 _yd,T) ) ‘C*q)

Variational inequality (VI): Find (u,y,p) € U = Xaq x Y X Y*

a(u,y,p;v —u, 2 —yY,q —p) 2 L(v—u,z—-y,q—p) Y(v,z,q) €U

Theorem (Fiihrer, K. '22+)

For 0 < v <~y BLF a is coercive.
Consequently, VI and any discretization admits unique solution

Michael Karkulik
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Error estimator

Variational inequality
(p+Au,v—u) >0 Yve Xpq = {wELQ(Q) : agwgb}

gives metric projection u = I,q(—\"!p)
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(e]e] 00000 0000000000 0O0@0000

Error estimator
Variational inequality
(p+Au,v—u) >0 Yve Xpq = {wELQ(Q) : agwgb}

gives metric projection u = I,q(—\"!p)
Mimic for discrete solution

U, = Haq (=X "'pp) = min{b, max{—A"1pp,a}}
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Introduction Space-time least-squares FEM First formulation Second formulation
(e]e] 00000 0000000000 0O0@0000

Error estimator

Variational inequality
(p+Au,v—u) >0 Yve Xpq = {wELQ(Q) : agwgb}

gives metric projection u = I,q(—\"!p)
Mimic for discrete solution

up, = Had(—)\*lph) = min{b, max{—)\*lph, a}}
Error estimator: Least-squares residuals + error uy, — uyp,

n?* = Ly, — (un, 0,0)|* + |1£°py, — (yn — ya, 0, yn(T) — yar)II?
+ [Jun — Unlly
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Introduction Space-time least-squares FEM First formulation Second formulation

(e]e]

00000 0000000000 0O0@0000

Error estimator
Variational inequality
(p+Au,v—u) >0 Yve Xpq = {wELQ(Q) : agwgb}

gives metric projection u = I,q(—\"!p)
Mimic for discrete solution

up = Had(—)\*lph) = min{b, max{—)\*lph, a}}
Error estimator: Least-squares residuals + error uy, — uyp,
n* = [|Lyy — (un, 0,0)|1” + |£%py, = (yn — Y4, 0, yn(T) = ya,r)|?
+ [Jun — Unlly
Theorem (Fiihrer., K. '22+)

Estimator is reliable and efficient, i.e.,
n* = |lu—unld + 1y — yplly + lp — pul3-
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Unconstrained problem
If Xog = L2(Q), then (p+ Au,v —u) > 0 implies

u=-\"1p

Second formulation
0O00e000
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Unconstrained problem
If Xog = L2(Q), then (p+ Au,v —u) > 0 implies
u=—-\"1p

Eliminating the control w simplifies the method to

Second formulation
0O00e000

min || Ly — (=2, 0,0)[]> + [|1£*p — (¥ — ya, 0,y(T) — ya,7)|?
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Unconstrained problem
If Xog = L2(Q), then (p+ Au,v —u) > 0 implies
u=—-\"1p

Eliminating the control w simplifies the method to

Second formulation
0O00e000

min || Ly — (=2, 0,0)[]> + [|1£*p — (¥ — ya, 0,y(T) — ya,7)|?

This is a pure least-squares FEM
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Introduction Space-time least-squares FEM First formulation Second formulation
(e]e] 00000 0000000000 0O00e000

Unconstrained problem
If Xoa = L?(Q), then (p+ Au,v —u) > 0 implies
u=—-\"1p
Eliminating the control w simplifies the method to

min | £y — (-A~p.0.0)| + |1£°P = (y — ya: 0.9(T) = yur)

This is a pure least-squares FEM

Theorem (Fiihrer, K. '22+)

Minimization problem admits unique solution (y,,, p;,) over any closed
Yy x Y CY x Y™ Particularly,

1Ly, — (=A""pr, 0,0)|1* + [1£* Py — (n — Ya> 0, yn(T) — ya,r) |12
~ly =yl + llp — pilly
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Introduction Space-time least-squares FEM First formulation
(e]e] 00000 0000000000

Experiment
A =101 = X\g, manufactured solution

y(x,t) =tsin(rz), p(z,t)=(1-t)z(l - x)

Xaa = {(v,v0) € L*(Q) x L*(Q) : =1 < v,v9 < 0}

Second formulation
0O000@00
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Introduction Space-time least-squares FEM First formulation Second formulation
(e]e] 00000 0000000000 0O000@00

Experiment
A = 1071 = Ao, manufactured solution
y(x,t) =tsin(rz), p(z,t)=(1-t)z(l - x)
Xaa = {(v,v0) € L*(Q) x L*(Q) : =1 < v,v9 < 0}

10° =

107 =

1072 - [—e= n B
El—= lly—wully 1
[ | lp—puly- i
L == [lu—wunlq J

7 lwo —unolle

10 =

10! 10? 10% 10* 10° 106

degrees of freedom
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Conclusion

Space-time least-squares FEM
® SPD matrices
® inf-sup stability for any conforming discretization

® Built-in error estimator
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Introduction Space-time least-squares FEM First formulation
(e]e] 00000 0000000000

Conclusion

Space-time least-squares FEM
® SPD matrices
® inf-sup stability for any conforming discretization

® Built-in error estimator

First approach for optimal control (Lagrangian multiplier)

® Symmetric indefinite systems

® inf-sup stability for any conforming discretization

® Fully computable error estimator, but requires additional solve

Second formulation
0000080
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Introduction Space-time least-squares FEM First formulation
(e]e] 00000 0000000000

Conclusion

Space-time least-squares FEM
® SPD matrices
® inf-sup stability for any conforming discretization

® Built-in error estimator

First approach for optimal control (Lagrangian multiplier)

® Symmetric indefinite systems

® inf-sup stability for any conforming discretization

® Fully computable error estimator, but requires additional solve

Second approach for optimal control (Variational ineq.)
e Coercive formulation, but non-symmetric

® inf—sup stability for any conforming discretization

® Fully computable error estimator for constrained problems

® Reduces to pure least-squares FEM for unconstrained problems

Second formulation
0000080
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Thank you for your attention!

mkarkulik.mat.utfsm.cl

Michael Karkulik



	Introduction
	 

	Space-time least-squares FEM
	 

	First formulation
	 

	Second formulation
	 


