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Introduction Space-time least-squares FEM First formulation Second formulation

Model problem

Given desired states yd ∈ L2(Q), yd,T ∈ L2(Ω), Find controls

u ∈ L2(Q), u0 ∈ L2(Ω) s.t.

minα‖y − yd‖2Q + β‖y(T )− yd,T ‖2Ω + λ‖u‖2Q + λ0‖u0‖2Ω

subject to

∂ty −∆xy = f + u in Q = (0, T )× Ω,

y = 0 on (0, T )× ∂Ω,

y(0) = y0 + u0 in Ω.

• f ∈ L2(Q), y0 ∈ L2(Ω)

• α, β ≥ 0, α+ β > 0

• λ, λ0 ≥ 0, λ+ λ0 > 0
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Introduction Space-time least-squares FEM First formulation Second formulation

Building block: fem and time stepping for heat eq.
• Backward Euler with time-step k: u0 ≈ u0, and

un+1 − k∆un+1 = kf + un.

• Lagrange finite elements S1
0 (Ωh) in space [cf. book of Thomée]

Advantages:
• low memory requirement (∼ S1

0 (Ωh)) (if we want u only at final time)
• very easy to implement using existing FEM-codes

Disadvantages:
• need structured meshes, no space-time adaptivity
• no quasi-optimality like Céa’s lemma [cf. Veeser & Tantardini ’16]
• Quasi-optimality is important ingredient in theory of adaptivity
• Not applicable to moving domains

Observation:
• Optimal control of parabolic equation: Advantage 1 vanishes!
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• no quasi-optimality like Céa’s lemma [cf. Veeser & Tantardini ’16]
• Quasi-optimality is important ingredient in theory of adaptivity
• Not applicable to moving domains

Observation:
• Optimal control of parabolic equation: Advantage 1 vanishes!

Michael Karkulik



Introduction Space-time least-squares FEM First formulation Second formulation

First-order formulation of heat equation

∂ty − divx σ = f,

∇xy − σ = 0,

y(0) = y0,

y|∂Ω = 0

Unique solution (y,σ) minimizes

J(y,σ) = ‖∂ty − divx σ − f‖2Q + ‖∇xy − σ‖2Q + ‖y(0)− y0‖2Ω

What is the “right” setting?
A priori: y ∈ L2(H1

0 (Ω)) ∩H1(H−1(Ω)), σ ∈ L2(Q).
Observation: If f ∈ L2(Q) then div(y,−σ) ∈ L2(Q)

Führer, K. ’21, Gantner, Stevenson ’21
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Least-squares FEM 1/2
Space

Y =
{

(y,σ) ∈ L2(H1
0 (Ω))× L2(Q)d : ∂ty − divx σ ∈ L2(Q)

}

Norm (graph)

‖(y,σ)‖2Y = ‖∇xy‖2Q + ‖σ‖2Q + ‖∂ty − divx σ‖2Q

Least-squares operator: L : Y → L2(Q)1+d × L2(Ω)

L(y,σ) = (∂ty − divx σ,∇xy − σ, y(0))

Proposition (Gantner & Stevenson ’21)

Y is Hilbert space and L is isomorphism

Minimization problem

min
(y,σ)∈Y

‖∂ty − divx σ − f‖2Q + ‖∇xy − σ‖2Q + ‖y(0)− y0‖2Ω
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Least-squares FEM 2/2

Euler–Lagrange, b((y,σ), (z, τ )) = (L(y,σ) ,L(z, τ ))

(y,σ) ∈ Y : b((y,σ), (z, τ )) = (f , ∂tz − divx τ ) + (y0 , z(0))Ω ∀(z, τ ) ∈ Y.

Least-squares FEM: Replace Y by Yh ⊆ Y (closed)

min
(yh,σh)∈Yh

‖∂tyh − divx σh − f‖2Q + ‖∇xyh − σh‖2Q + ‖yh(0)− y0‖2Ω

Theorem (Führer, K. ’21, Gantner & Stevenson ’21)

BLF b(·, ·) : Y × Y → R symmetric, coercive.
Thus, unique solutions that are quasi-optimal

‖(y,σ)− (yh,σh)‖Y . min
(z,τ )∈Yh

‖(y,σ)− (z, τ )‖Y
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Properties of LS-FEMs
Disadvantage

• Need additional variable

Advantages

• Discrete system of equations leads to SPD matrix

• Any(!) choice of discrete spaces is allowed,
particularly, space-time adapted meshes!
Unconditionally inf–sup stability

• Control of “natural” norm:

‖∇xy‖Q + ‖∂ty‖L2(H−1(Ω)) . ‖(y,σ)‖Y

• Built-in a posteriori error estimator (efficient+reliable)

‖(y,σ)− (yh,σh)‖2Y
h ‖∂tyh − divx σh − f‖2Q + ‖∇xyh − σh‖2Q + ‖yh(0)− y0‖2Ω
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Overview on some literature

Recent space-time FEMs

• FEM: Steinbach ’15

• MINRES: Andreev ’13, Stevenson & Westerdiep ’20

• Least-squares: Gantner & Stevenson ’21, ’22, Führer K. ’21

• D(iscontinuous)P(etrov)G(alerkin): Diening & Storn ’21

Space-time methods for optimal control problems

• Meidner & Vexler ’07, ’08

• Gong, Hinze, Zhou ’12

• Langer, Steinbach, Tröltzsch, Yang ’21

• Langer, Steinbach, Yang ’22

• Gantner & Stevenson ’22+
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There are many ways . . .

Table 11.1 from Bochev & Gunzberger ’09

For the first formulation we follow Method 4
For the second formulation we follow (more or less) Method 1
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Optimality system 1/2

First-order optimality condition (with λ0 = 0, α = β = 1):
find (u, y,σ) ∈ L2(Q)× Y s.t.

λ(u , v)Q + (y , z)Q + (y(T ) , z(T ))Ω = (yd , z)Q + (yd,T , z(T ))Ω,

L(y,σ)− (u, 0, 0) = (0, 0, y0),

for v ∈ L2(Q) where z ∈ L2(H1
0 (Ω)) ∩H1(H−1(Ω)) solves

∂tz −∆xz = v,

z(0) = 0,

z|(0,T )×∂Ω = 0.
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Optimality system 2/2
Introducing space-time LS formulation and Lagrangian multiplier:
find (u, y,σ, w,χ) ∈ L2(Q)× Y × Y s.t.

a(u, y,σ; v, z, τ ) + b̃(v, z, τ ;w,χ) = (yd , z)Q + (yd,T , z(T ))Ω,

b̃(u, y,σ; r,ρ) = (y0 , r(0))Ω

for all (v, z, τ , r,ρ) ∈ L2(Q)× Y × Y , with BLFs

a(u, y,σ; v, z, τ ) = λ(u , v)Q + (y , z)Q + (y(T ) , z(T ))Ω

b̃(u, y,σ; r,ρ) = b(y,σ; r,ρ)− (u , ∂tr − divx ρ)Q

Discretization: Subspaces Yh ⊆ Y , Uh ⊆ L2(Q):
Find (uh, yh,σh, w,χ) ∈ Uh × Yh × Yh s.t.

a(uh, yh,σh; v, z, τ ) + b̃(v, z, τ ;wh,χh) = (yd , z)Q + (yd,T , z(T ))Ω,

b̃(uh, yh,σh; r,ρ) = (y0 , r(0))Ω

for all (v, z, τ , r,ρ) ∈ Uh × Yh × Yh.
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Analysis

Theorem (Führer, K. ’22+)

Continuous and discrete formulations admit unique solutions and satisfy
quasi-optimality

‖u− uh‖Q + ‖(y − yh,σ − σh)‖Y + ‖(w − wh,χ− χh)‖Y
. ‖u− vh‖Q + ‖(y − zh,σ − τh)‖Y + ‖(w − rh,χ− ρh)‖Y

for any (vh, zh, τh, rh,ρh) ∈ Uh × Yh × Yh.

Although indefinite system
the Babuška–Brezzi conditions for discrete system are automatically
satisfied
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A posteriori estimator 1/2

Need to characterize Lagrangian multiplier (w,χ)

Lemma (Adjoint state ↔ Lagrangian multiplier)

Adjoint state p = −λu solves “backward” heat equation

−∂tp−∆xp = y − yd,
p(T ) = y(T )− yd,T ,

p|(0,T )×∂Ω = 0.

Characterization of (w,χ):

∂tw −∆xw = −p+ ∆xp,

w(0) = −p(0),

w|(0,T )×∂Ω = 0,

χ = ∇xw +∇xp.
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A posteriori estimator 2/2
Estimator

η
2

= ‖∂tyh − divx σh − uh‖
2
Q + ‖∇xyh − σh‖

2
Q + ‖yh(0) − y0‖

2
Ω

+ ‖λ−1
(∂twh − divx χh) − uh‖

2
Q + ‖χh −∇xwh − ψh‖

2
Q + ‖∂twh − divx χh + ph‖

2
Q

+ ‖yh − yd + ∂tph + divx ψh‖
2
Q + ‖∇ph − ψh‖

2
Q + ‖ph(T ) − (yh(T ) − yd,T )‖2Ω

Pair (ph,ψh) ∈ Y ?h ⊆ Y
? =

{
(v, τ) ∈ L2(H1

0(Ω)) × L2(Q) : div(v, τ) ∈ L2(Q)
}

solves
adjoint state problem with discrete data

min
(ph,ψh)∈Y ?

h

‖yh − yd + ∂tph + divx ψh‖
2
Q + ‖∇ph − ψh‖

2
Q + ‖ph(T ) − (yh(T ) − yd,T )‖2Ω

Theorem (Führer, K. ’22+)

The estimator η is reliable + efficient,

η2 h ‖u− uh‖2

where u = (u, y,σ, w,χ, p,ψ).
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Theorem (Führer, K. ’22+)

The estimator η is reliable + efficient,

η2 h ‖u− uh‖2

where u = (u, y,σ, w,χ, p,ψ).
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A posteriori estimator 2/2
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Experiment 1
Q = (0, 1)× (0, 1), y0 = 0, α = 0, β = 1, λ = 1, λ0 = 0

yd,T (x) = sin(πx)
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η̃2h adap
osc2h adap
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Experiment 2
Q = (0, 1)× (0, 1), y0 = 0, α = 1, β = 0, λ = 1, λ0 = 0

ud(t, x) =

{
1 0.5 ≤ t and 0.2 ≤ x ≤ 0.8,

0 else.
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Experiment 2
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Idea

Solve state and adjoint state equations simultaneously:

∂ty −∆xy = u,

y(0) = y0,

−∂tp−∆xp = y − yd,
p(T ) = y(T )− yd,T ,

(p+ λu , v − u) ≥ 0 ∀v ∈ Xad

with admissible controls Xad =
{
v ∈ L2(Q) : a ≤ v ≤ b

}
.

Ly = (∂ty − divx σ,∇xy − σ, y(0))

L?p = (−∂tp− divxψ,∇xp−ψ, p(T ))
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2nd Method

Nitsche-type coupling BLF

a(u,y,p; v,z, q) = (Ly − (u, 0, 0) ,Lz − (v, 0, 0))

+ (L?p− (y, 0, 0) ,L?q − (z, 0, 0)) + γ(p+ λu , v)

`(v,z, q) = ((0, 0, y0) ,Lz) + ((−yd, 0,−yd,T ) ,L?q)

Variational inequality (VI): Find (u,y,p) ∈ U = Xad × Y × Y ?

a(u,y,p; v − u, z − y, q − p) ≥ `(v − u, z − y, q − p) ∀(v, z, q) ∈ U

Theorem (Führer, K. ’22+)

For 0 < γ ≤ γ0 BLF a is coercive.
Consequently, VI and any discretization admits unique solution
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Error estimator

Variational inequality

(p+ λu , v − u) ≥ 0 ∀v ∈ Xad =
{
w ∈ L2(Q) : a ≤ w ≤ b

}

gives metric projection u = Πad(−λ−1p)

Mimic for discrete solution

ũh = Πad(−λ−1ph) = min{b,max{−λ−1ph, a}}

Error estimator: Least-squares residuals + error ũh − uh

η2 = ‖Lyh − (uh, 0, 0)‖2 + ‖L?ph − (yh − yd, 0, yh(T )− yd,T )‖2

+ ‖uh − ũh‖2Q
Theorem (Führer., K. ’22+)

Estimator is reliable and efficient, i.e.,

η2 h ‖u− uh‖2Q + ‖y − yh‖2Y + ‖p− ph‖2Y ?
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Unconstrained problem

If Xad = L2(Q), then (p+ λu , v − u) ≥ 0 implies

u = −λ−1p

Eliminating the control u simplifies the method to

min
y,p
‖Ly − (−λ−1p, 0, 0)‖2 + ‖L?p− (y − yd, 0, y(T )− yd,T )‖2

This is a pure least-squares FEM

Theorem (Führer, K. ’22+)

Minimization problem admits unique solution (yh,ph) over any closed
Yh × Y ?

h ⊆ Y × Y ? Particularly,

‖Lyh − (−λ−1ph, 0, 0)‖2 + ‖L?ph − (yh − yd, 0, yh(T )− yd,T )‖2

h ‖y − yh‖2Y + ‖p− ph‖2Y ?
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Experiment
λ = 10−1 = λ0, manufactured solution

y(x, t) = t sin(πx), p(x, t) = (1− t)x(1− x)

Xad =
{

(v, v0) ∈ L2(Q)× L2(Ω) : −1 ≤ v, v0 ≤ 0
}
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100

degrees of freedom

η

∥y − yh∥Y
∥p− ph∥Y ⋆

∥u− uh∥Q
∥u0 − uh,0∥Ω
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Conclusion

Space-time least-squares FEM

• SPD matrices

• inf–sup stability for any conforming discretization

• Built-in error estimator

First approach for optimal control (Lagrangian multiplier)

• Symmetric indefinite systems

• inf–sup stability for any conforming discretization

• Fully computable error estimator, but requires additional solve

Second approach for optimal control (Variational ineq.)

• Coercive formulation, but non-symmetric

• inf–sup stability for any conforming discretization

• Fully computable error estimator for constrained problems

• Reduces to pure least-squares FEM for unconstrained problems

Michael Karkulik



Introduction Space-time least-squares FEM First formulation Second formulation

Conclusion

Space-time least-squares FEM

• SPD matrices

• inf–sup stability for any conforming discretization

• Built-in error estimator

First approach for optimal control (Lagrangian multiplier)

• Symmetric indefinite systems

• inf–sup stability for any conforming discretization

• Fully computable error estimator, but requires additional solve

Second approach for optimal control (Variational ineq.)

• Coercive formulation, but non-symmetric

• inf–sup stability for any conforming discretization

• Fully computable error estimator for constrained problems

• Reduces to pure least-squares FEM for unconstrained problems

Michael Karkulik



Introduction Space-time least-squares FEM First formulation Second formulation

Conclusion

Space-time least-squares FEM

• SPD matrices

• inf–sup stability for any conforming discretization

• Built-in error estimator

First approach for optimal control (Lagrangian multiplier)

• Symmetric indefinite systems

• inf–sup stability for any conforming discretization

• Fully computable error estimator, but requires additional solve

Second approach for optimal control (Variational ineq.)

• Coercive formulation, but non-symmetric

• inf–sup stability for any conforming discretization

• Fully computable error estimator for constrained problems

• Reduces to pure least-squares FEM for unconstrained problems

Michael Karkulik



Introduction Space-time least-squares FEM First formulation Second formulation

Thank you for your attention!

mkarkulik.mat.utfsm.cl
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