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Introduction

We consider advection-dominated diffusion transient problem
formulated in space-time finite element method
We employ B-splines for discretizations
We propose a stabilization method based on least squares
We generate and compress the resulting matrix using SVD
algorithm applied for blocks of the global matrix (referred to as
H-matrices)
We show that the SVD compressed matrices can be processed
by an iterative solver one order of magnitude faster than
regular matrices
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Space-time formulations

We start with a simple advection-diffusion problem:

∂tφ = ε∆φ− β · ∇u + f
u(x , 0) = u0 for x ∈ Ω
u(x , t) = 0 for (x , t) ∈ ∂Ω× [0,T ]

For small ε/ ‖β‖ we may encounter instability (advection
dominated)
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Simple space-time formulation
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Simple space-time formulation

We can rewrite the equation as

∂tφ+ divx (−ε∇φ+ βφ)︸ ︷︷ ︸
Lφ

= f

or
divx,t σ = f

where σ = (Lφ, φ) and Lφ = (Lxφ,Lyφ)

Space-time formulation: find σ ∈ H(div,Ω× [0,T ]), φ ∈ V
σ −

[
Lφ
φ

]
= 0

divx,t σ = f
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Simple space-time formulation
To simplify a bit, we can remove one unknown, as σ = (σ, φ){

∂tφ+ divx σ = f
σ − Lφ = 0

We multiply the first equation by test function ψ ∈ L2(Ω)

(∂tφ, ψ) + (divx σ, ψ) = (f , ψ)

and the other by τ = (τx , τy ) ∈ L2(Ω)× L2(Ω)

(σ, τ )− (Lφ, τ ) = 0

leaving us with the problem: find σ ∈ H(div,Ω× [0,T ]), φ ∈ V
(∂tφ, ψ) + (∂xσx , ψ) + (∂yσy , ψ) = (f , ψ)

(σx , τx )− (Lxφ, τx ) = 0
(σy , τy )− (Lyφ, τy ) = 0
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Simple space-time formulation – discrete level
We discretize the following system

(∂tφ, ψ) + (∂xσx , ψ) + (∂yσy , ψ) = (f , ψ)
(σx , τx )− (Lxφ, τx ) = 0
(σy , τy )− (Lyφ, τy ) = 0

using quadratic B-splines and get the following structure of the
discrete system At Ax Ay

Lx M 0
Ly 0 M


 φσx
σy

 =

f
0
0


where

M ∼ u, v 7→ (u, v) (mass matrix)
Aγ ∼ u, v 7→ (∂γu, v)
Lγ ∼ u, v 7→ (Lγu, v)
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Example results – pure diffusion

(a) ε = 5 × 10−3 (b) ε = 10−3 (c) ε = 10−5

Figure: Results for β = 0, T = 1, 32× 32× 32 mesh with quadratic
B-splines
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Example results – diffusion and advection

(a) ε = 10−3, s = 0.3 (b) ε = 10−5, s = 0.3 (c) ε = 10−6, s = 0.5

(d) ε = 10−3, s = 1 (e) ε = 10−5, s = 1 (f) ε = 10−6, s = 1
Figure: Results for β = (0, s), T = 1, 32× 32× 32 mesh with quadratic
B-splines
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Mixed formulation

Idea: constrained least-squares problem

min J(σ, φ) = 1
2

∥∥∥∥∥σ −
[
Lφ
φ

]∥∥∥∥∥
2

= 1
2 ‖σ − Lφ‖

2 + 1
2 ‖σ∗ − φ‖

2

subject to divx,t σ = f

where σ ∈ H(div,Ω× [0,T ]), φ ∈ V and σ = (σ, σ∗)

Lagrange multipliers:

G(σ, φ, λ) = 1
2 ‖σ − Lφ‖

2 + 1
2 ‖σ∗ − φ‖

2 + (divx,t σ − f , λ)
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Mixed formulation

Problem: find (σ, φ, λ) ∈W such that for all (τ , ω, µ) ∈W

(σ − Lφ, τ − Lω) + (σ∗ − φ, τ∗ − ω)
+ (divx,t τ , λ) + (divx,t σ − f , µ) = 0

where W = H(div,Ω× [0,T ])× V × L2(Ω× [0,T ])

Equivalently:

(φ, ω) + (Lφ,Lω)− (σ∗, ω) − (σ,Lω) = 0
− (φ, τ∗) + (σ∗, τ∗) + (λ, ∂tτ∗) = 0
− (Lφ, τ ) + (σ, τ ) + (λ, divx τ ) = 0

+ (∂tσ∗, µ) + (divx σ, µ) = (f , µ)
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