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Introduction

We consider advection-dominated diffusion transient problem
formulated in space-time finite element method

We employ B-splines for discretizations
We propose a stabilization method based on least squares

We generate and compress the resulting matrix using SVD
algorithm applied for blocks of the global matrix (referred to as
H-matrices)

We show that the SVD compressed matrices can be processed
by an iterative solver one order of magnitude faster than
regular matrices
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SEace-time formulations

We start with a simple advection-diffusion problem:

00 = eAQ — B - [UFHf
u(x,0) =up forx
u(x,t)=0 for (x,t) CaN = [0, T]

For small €/ [BIWe may encounter instability (advection
dominated)
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SimBIe sBace-time formulation
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SimBIe sEace-time formulation

We can rewrite the equation as
0t @ + divy ﬁ —€ I%ﬂ?j: f
Lo

or
diVX,t g = f

where 0 = (L@, @) and Lo = (Lx¢,Ly0)

Space-time formulation: find o CH(div, 2 % [0, T]), ¢ M
L1 1031

=L Lo _g
=,

iVx,t (O f
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SimBIe sBace-time formulation

To simplify a bit, we can remove one unknown, as 0 = (0, @)

1
0t +divyo =f
o—Lop=0

We multiply the first equation by test function ¢ [L¥()
(09, W) + (divx o, ) = (f, )
and the other by T = (1, Ty) [CLF(Q) % L%(Q)
(0,T)— (Lo, T)=0
leaving us with the problem: find o [CHI(div,Q2 < [0, T]), ¢ [\

@({) W) + (0x0x, ) + (dyoy, W) = (f, )
= (0x, ) = (Lx®, k) =

0
(0y, Ty) — (Lyp, Ty) =0
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SimBIe sEace-time formulation — discrete level

We discretize the following system

@cp W) + (0x0x, W) + (0yoy, W) = (f, P)
(0x, Tx) = (Lx@, Tx) = 0
E (O'y,Ty)_(Ly(P,Ty):O

using quadratic B-splines and get the following structure of the

discrete system

1 LI 1 11
Ar Ay

Ay 0 f
v o HidH bl
0

L, 0 M o

where
M Clv B (u,v)  (mass matrix)
Ay v B (dyu,v)
Ly Cwiv B (Lyu,v)
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Example results — pure diffusion

(@e=5x10"° (b)y e=10"3 (c)e=10"°

Figure: Results for f =0, T =1, 32 % 32 % 32 mesh with quadratic
B-splines

Marcin to$ et.al. Least-squares space-time formulation



Example results — diffusion and advection

(e=10"3%s=03 (He=10°%s=03 (c)e=1075s=05

de=103s=1 (e)e=105%s=1 fHe=10°s=1
Figure: Results for B = (0,s), T =1, 32 % 32 % 32 mesh with quadratic
B-splines
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Mixed formulation

Idea: constrained least-squares problem

min J(g, Q) = @ LQEE: [al— L(p@ [t @21

subject to div,: 0 =T

where o [HI(div,Q2 % [0,T]), ¢ M and 0 = (0,0h

Lagrange multipliers:

G(O, 9, A) = % @—ch@% [Ghr @2 (dive o — f, )
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Mixed formulation

Problem: find (g, ®, A) W such that for all (T, w, p) CW

(o—Lo,T—Lw)+ (0T @, TrT 0)
+ (divit T, A) + (divr 0 —f, 1) =0

where W = H(div, 2 x [0, T]) x V x L2(Q2 % [0, T])

Equivalently:

(9,0) + (Lo, Lw) — (05w) —(0,Lw) =0
— (¢, Toh + (oGToh + (N, 0Ty =0
— (Lo, T) + (o, 1) + (A, divy T) =0

+ (0t0h) + (divk 0, ) =(f.w)
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