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0 Full Envelope Approximation for Waveguide Problems
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Analysis of Full Envelope UW Formulation for Linear Waveguide Problem

UW formulation

u e D(A) uwe L2(Q) we L2(Q), e U
{ Au=f =>{ (u,A*v):(f,v)vED(A*)i{ (u, A*v) + (t,v) = (f,v)v € Ha(Q)

Inf—sup constant v depends upon boundedness below constant « and scaling parameter 3 in the adjoint
graph norm

allull < || Aull, u € D(A)

Bra—1/2
||v||2v:=IIA*v||2+B2|Iv||2} > =R+ QT

a

(Ideal) DPG reproduces the stability of the continuous problem

= unl?< 04 (20 inf w4 inf - an?)
—— o Wh D

€U wp €U
—  — N———— —
L2 —error i
stability constant field BA error trace BA error
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Analysis of Full Envelope UW Formulation for Linear Waveguide Problem

Def. Full envelope operator

A’U, _ezsz( —ikz ~ )

Thm. Full envelope operator inherits boundedness below constant from the original operator

|Aul| > allull < |Ad] > o]
Proof:

| Aal| = |e** A(e™™**a) || = || A(e**a) | 2 alle™**a = ofja|

Thm. Inverse of the boundedness below constant depends linearly upon waveguide length L (a

technical result)

ap
lAull = ul
—~

=:x
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Stability of the strong formulation, Sketch of the proof.

DCR, L>0, Q:=Dx(0,L), a=a(zr)ecGLR*?),a>0.

Acoustics:
iwu+aVp =f inQ
wp+V-u =g inQ
p =0 onT;:=Dx{0}
u-n =0 onI;:=0Dx(0,L)
iwu-n—DtNp =0 onT,:=D x{i}.

Eigenvalue problem:
-V (aVé,) =N¢, inD
n-aVe, =0 on dD.

Lemma Solution p € H'(Q), p=0on T; of

(aVp,Vq) —w?(p,q) + (DtNp,q) = (f,Vq) q€ H'(2),¢=00nT,

satisfies

Ipll 1@y < CL| £l -
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Stability of the strong formulation. Sketch of the proof.

Proof: Use decompositions

p= Z Gi(x)i(z), f= Z(ﬁ i) i
and reduce the stability analysis to 1D problems for 1;(z).
Electromagnetics (in progress): (u=1,e =1+ Ae)

VxE =—iwH inQ
VxH =iweEl in{Q

nxkE =0 on I}
nxE =0 onI;
nxE+DtNH-n =0 onTy.

Eigenvalue problem for propagation constant 3:

E € Hy(curl, D) N Hy(div, D)
V x curlE — w?eE — V(1diveE) = —5%E,

is neither self-adjoint in L?(D) nor in L?(D) but it is a Ae-perturbation of a self-adjoint problem in
I2(D).
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Positive Effect of Small 5 on Pollution

10° F|—g—p =10"°

[|l—e—-p*=10"°
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Number of wavelengths
Pollution error in a 3D rectangular waveguide for ultraweak DPG Maxwell with test norm
01150, = IVa X F = (iwe + 0)*G|* + Vi x G + (iwp)*F|* + 52 (| F|* + [|G]]?) -
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9 Double Adaptivity
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Three Mixed Problems

A variational problem reformulated as a mixed problem

YveV,uelU
(¢7U)V + b(u’ U) = l(’U) veV (1)
b(0u, ) =0 uel.

v
Ideal PG method with optimal test functions

¢h eV ,ap, € Uy
WM, v)y +b(an,v) =1lv) veV 2)
b((Suh,z/)h) =0 5uh e Uy, .

Practical PG method with optimal test functions
Yn € Vi, up € Up
(Yn,vn)v + b(un,vn) =1U(vn) vn € Vi (3)
b(Oup, ¥p) =0 oup, € Uy, .
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The Double Adaptivity Algorithm of Dahmen et al. !

Set initial trial mesh U

do ! outer adaptive loop
(re)set test mesh Vj to coincide with trial mesh U
do ! inner adaptive loop

solve (3) on the current trial and test meshes
estimate error |[¢" — v <erry and compute norm |[¢|lv
if erry/||¥n|lv < toly exit the inner (test) loop
adapt test mesh Vj, using element contributions of erry
enddo
compute trial norm of the solution ||upllv
if ||’I,Z)h||v/||uh||U < toly STOP
use element contributions to |||y to refine the trial mesh
enddo

LA. Cohen, W. Dahmen, and G. Welper. “Adaptivity and Variational Stabilization for Convection-Diffusion
Equations”.
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Ultraweak Variational Formulation of the Confusion Problem

Confusion problem:
u:= (o,u) € D(A) := H(div, Q) x H}(Q) C (L*(Q))N x L*(Q)
A D(A) = (L2(Q)N x L2(Q)
Au = A(o,u) := (0 — €2Vu, —e2divo + 3 - V).
Closed operator setting:
u:= (o,u) € D(A) := H(div, Q) x H}(Q) C (L*(Q))N x L*(Q)
A D(A) = (L2(Q)N x L3()
Au = A(o,u) := (0 — €2Vu, —e2divo + - Vu).
v:= (1,v) € D(A*) = D(A) C (L?(Q))N x L?(Q)
A* : D(A*) — (L2(Q)N x L*(Q),
A*v = A*(1,v) = (T + €2V, ezdiv 7 — div (Bv))
UW formulation:

u € D(A) ue (L)Y x L2(Q)
{ Au=f < { (u, A™v) = (f,v>; ve D(AY). (4)

where D(A*) is equipped with the adjoint graph norm:
VI = [[A™V]* + aflv]?

Leszek Demkowicz — The University of Texas at Austin DPG Progress 9/37



A-Posteriori Error Estimate Based on the Duality Theory 2

The semidiscrete version of the UW problem (4) is equiavlent to the primal minimization problem:

. 1. 1
inf S| A + as|[9l* - (f, ) (5)
b€ D(A*) 2 2
A*y € Uy —J(w)

where Uj- denotes the L?(£2)-orthogonal complement of trial space Uy,.
The minimization problem (5) is equivalent to the dual maximization problem:

x Lo1iy2 1 2 . 1., 19 1 )
™) ¢GSBI()A) 2”¢ | 2a” 9l seD(A) 2||¢ "+ 2a|| 9|l (6)

=:J*(¢) =—J*(¢)
The energy error for the solutions to the fully discrete primal and dual problems is estimated by the
discrete duality gap: ) )
[A* () = n)II* + all — all
o™ — i I + S A(e — ¢n)I?

Local contributions to the duality gap estimate serve as error indicators for the inner adaptivity loop:

270) = 7 (@0)) = - [ alA"wn = 02 + (e = (F = Adw)*. (®)

2L. Demkowicz et al. “The Double Adaptivity Paradigm (How to circumvent the discrete inf-sup conditions of Babugka
and Brezzi)".

} < 2(J(¢n) = J* (1)) - ()
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Double adaptivity

© Resolve wh

@ [ Vnllv/llunlly < toly ?
© Refine trial mesh (use [|¢p]|v)

Leszek Demkowicz — The University of Texas at Austin
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© Solve problems (primal, dual)
0 erry = || — Pullv

(3] errv/||'¢:f,||v < toly

O Refine test mesh (use erry)
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Test mesh refinement

Refined trial mesh

Reset test mesh

Final test mesh (second outer loop step)

Figure: Second outer loop step and its corresponding inner loop which takes 3 steps to reach the

tolerance toly . Trial mesh: solution u. Test mesh: H'-component of ¢,. p =3 and ¢ = 1072.
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Numerical Experiments 3. Enrichment Strategies

WiV / Nlul Test DOF in last step of the inner loop.
1000 LO0E+06
100
- LOvE+05
10 =8 dpl E = dpl
—e—dp2 7 ——dp2
s hEL H nEL
—— hEZ o —— hE2
S LO0E+04
01
0.01 1.00E+03
1.00E+01 1.00E+02 1.00E+03 1.00E+04 1.00E+05 0.01 01 1 10 100
Trial DOF IV # lul100

Outer loop, convergence in the Riesz representation of Inner loop total DOF vs Riesz representation of the
the residual. residual.

Figure: Differences in enrichment strategies: dp increases the polymonial degree of the test functions,
while hE applies (1 or 2) global refinements to the test mesh.

The convergence is very similar, however the cost of each test mesh adaptivity is very different. hE
strategy result in much larger number of DOF.

3], Salazar and L. Demkowicz. The Double Adaptivity Paradigm: Conforming vs. Weakly Conforming Test Functions.

Leszek Demkowicz — The University of Texas at Austin DPG Progress 13/37



Adaptive refinement strategies and parameters

err V/ ||y h|Lv

Firs inner loop cycle

10000

1000

10
1E+00 1E+01 1E+02 1E+03 1E+04

DOF test mesh

1E+05

—8— Greedy 0.3
—a=— Greedy 0.5

Greedy 0.7
—i— Greedy 0.9

10000

1000

10
1E+00 1E+01

err V/||w h]|_v

First inner loop cycle

1E+02 1E+03
DOF test mesh

1E+04

1E+05

1E+06

—&— Doefler 0.3
== Doefler 0.5

Doefler 0.7
=—i— Doefler 0.9

Figure: Comparison of Doefler and Greedy refinement strategies and parameters.

Although similar convergence behaviour, for greedy, a threshold of 0.3 performs fewer
iterations; for Doefler a threshold of 0.9 performs fewer iterations.
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Trial space refinement factor, Doerfler.

Refinement factor 0.7, 0.5, 0.3 with Doerfler Strategy.

INw_hILV 7 full IHW_hILV 7 il R ILV 7l
1000 100 100
100 10 = =1.0E-2
10 —— €=5.0E-3
€=2.5E-3
% 10 %

1 Ny VRE W I

01

01
1E+01  1E+02 1E+03 1E+04 1E+05 1E+06  1E+C

0.1
1E+01  1E+02 1E+03 1E+04 1E+05 1E+06  1E+07 IEH0L  IE42  1E403  1EH04 IEHS  1EH06
DOF DOF

1E+07
DOF

Figure: Quter loop convergence comparison between different refinement factors using the continuation
strategy. Left: 0.7, center: 0.5, right: 0.3.

Using different refinement factors result in similar convergence, however the number of
iterations required change considerably. A factor of 0.7 performed the best.
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Parameter o

-2J and -2J*

1E+02

1E+01

1E+00

1E+2 1E+3 1E+4 1E+5 1E+6

Test DOF

Figure: Primal and dual energies for multiple values of o, € = 1072.

Convergence of the duality gap for different values of «, since it appears multiplying for the
primal energy and dividing for the dual energy we observe that large values of v impact the

dual energy the most, while small values of o impact the primal the most.
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Parameter o

A successful error estimator 17 must satisfy the efficiency and reliability properties:
n<Cilele

From (7) we verify reliability. For efficiency, we verify numerically via the effectivity index

0 =n/llells:

16
1
12

10

AN

and |le|lg < Can .

Effectivity Index 8

1E+2

1E+3

1E+4

TestDOF

2R e

1E+5 1E+6

—e—o=1
——a=101
a=10n2
—>—0=10"1
—e—0=102

Figure: Effectivity index 8 = n/|le| g, ¢ = 1072
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Convergence of 1, in trial mesh, low order elements.

[Tw_hiVv 7 Jull

1000
100

—&— c=1.0E-2

—— £=5.0E-3

e=25E3

w 10 —a—e=13E3

—— 6354

e=3.1E4

1 ‘\\\ k —v— =1 6E-4
01

1E+01 1E+02 1E+03 1E+04 1E+05 1E+06  1E+07
DOF

Figure: Convergence using the continuation technique on ¢, with a refinement factor of 0.7 for the trial
mesh, py =2, py = 3.
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Convergence of ¢, in trial mesh, high order elements.

[Tw_h |V 7 il
100
—8— c=10E-2
10 —— £=5.0E-3
e=2.5E-3
—d— £=1.3E-3
LT [ —p £=5.3E-4
\ e=3.1E4
1 —4— e=1.6E-4
- ¥ £=7.8E-5
—8— c=30E5
01
1E+02 1E+03 1E+04 1E+05 1E+06
DOF

Figure: Convergence using the continuation technique on ¢, with a refinement factor of 0.7 for the trial
mesh, py =6, py = 7.
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Parameter o

Quter Loop Convergence

1000
100
—a— NIV Ju 0=10%2
© wensevensanes [JU_-u]] / U] 0=107+2
% s [ _N|_V / U] @=10"-2
------- v Ju_ul / [l a=10°-2
1
0.1
1E+01 1E+02 1E+03 1E+04 1E+05

DOF
Figure: Impact of coefficient « in the convergence of ||¢y||v and ||u — uy||, e = 1073,

Small values of « result in ||1)y||y being a better approximation of ||u — up||.
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e Automatic hp-Adaptivity with DPG
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Automatic hp-Adaptivity Algorithm *

Set initial trial mesh U
do ! adaptive loop
solve the problem on the current mesh
use the element residuals to mark elements for refinement
dumpout the current mesh
hp-refine the marked elements
solve the problem on the hp-refined mesh
for each refined element K
determine the error decrease rate for p- and h-refinements
use the rates to decide between p- and h-refinement
update the mazimum error decrease rate maxy (Aeg)
endfor
dumpin the last mesh
for each element marked for refinement
if the element optimal error decrease rate Acyk > 0.25 maxy (Aek) then
refine the element in the optimal way
endif
endfor
enddo

4L. Demkowicz. Computing with hp Finite Elements. I.One- and Two-Dimensional Elliptic and Maxwell Problems.
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Error Decrease Rate as the Criterion to Choose Between p- and h-Refinement

i

p-refinement: Competing h-refinement:
Ae = Huh/z,p+1—uh,p||2—Huh/z,erl—uh,erl||2 Ae = ||uh/2,p+1—uh,p||2—Huh/2,p+1—uh,p+1||2
= 1 = AN
= 0.27609 — 0.25657 = 0.01952 = 0.27609 — 0.04413 = 0.23196

The h-refinement wins.
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Maximum error decrease path to find the competing h-refinement

P2
s+
[
44
3 -
24
1+ e
Py

, , ,

+ + + + +

1 2 3 4 5

Error = 0.375048, 0.000236
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Maximum error decrease path

P2

Error = 0.224857, 0.000236
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Maximum error decrease path

P2
s+
L
44
3 -
24
1+ e o .
Py

, , ,

+ + + + +

1 2 3 4 5

e e =

Error = 0.123835, 0.000236
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Maximum error decrease path - the competing h-refinement

P2
s+
L
44
3 -
24
1+ e o o o
Py

, , , ,

+ + + + +

1 2 3 4 5

Error = 0.043898, 0.000236
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Maximum error decrease path

P2
s+
[
44
3 -
24
1+ e o e o .
Py

, , ,

+ + + + +

1 2 3 4 5

[E— e R

Error = 0.0, 0.000236
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Maximum error decrease path

P2

s+

44

3 -

24 .

1+ e o e o .

Py
, , , , ,
+ + + + +
1 2 3 4 5
[ ——————

Error = 0.0, 0.000076
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Maximum error decrease path

P2
5+
44
3+ .
24 .

o
[0

Error = 0.0, 0.000022
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Maximum error decrease path

P2
5+
44 .
3+ .
24 .

o
[0

Error = 0.0, 0.000004
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Maximum error decrease path

P2
5T .
44 .
3+ .
[ ———————— ————————

Error = 0.0, 0.0
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Optimal element refinement

For each element marked for refinement
If Aeg > 0.25maxg(Aek) then
if Aek,p > Aek,n then
p-refine the element
else
select the maximum h-refinement for which the Aeg j > 0.25 maxg (Aek)
endif
endif
endfor
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Poisson Problem. Solution with Internal Layer

Exact and numerical solutions with the optimal mesh, error = .67 percent.
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Poisson Problem. Solution with Internal Layer

0.40E+03  error SCALES: log(nrdof), log(error)
0.15E+03

0.52E+03
0.19E+03
0.68E+01
0.24E+01
0.88E+0(
0.32E+0(
0.11E+0(
0.41E-01

0.15E-01] nrdof

Convergence history.
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Confusion Problem.

Exact and numerical solutions with the optimal mesh, error = .67 percent.
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Confusion Problem

0.72E+0! SCALES: log(nrdof), log(error)

Convergence history.
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